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In this paper, we examine the feasibility (i.e., both the good advantages
and the bad limitations) and the adaptivity (i.e., the potential for beneficial
modifications) of employing multiplier bootstrap to analyze the asymptotic
distributions of the largest eigenvalues of potentially spiked high-dimensional
sample covariance matrices. Our findings and proposed algorithms demon-
strate that multiplier bootstrap remains valid, provided the multipliers are ap-
propriately chosen and the bootstrap procedures are applied multiple times
with suitable corrections. First, for non-spiked sample covariance matrices,
we propose a novel algorithm to replicate the asymptotic distribution (i.e., the
Tracy-Widom law) of their largest eigenvalues. This is achieved by repeatedly
bootstrapping the entire sample covariance matrix using carefully designed
bounded multipliers that satisfy certain concentration properties. We high-
light that unbounded multipliers fail in this setting, as the bootstrapped eigen-
values asymptotically follow a Fréchet or Gumbel distribution. Second, for
spiked sample covariance matrices, while both bounded and unbounded mul-
tipliers can recover the asymptotic normality of the largest eigenvalues, they
may introduce additional bias, particularly when the spikes are not strong.
To mitigate this, we apply a modified multiplier bootstrap multiple times to
correct the bias. Finally, leveraging our modified multiplier bootstrap proce-
dures, we propose a novel and straightforward distribution-based test for se-
lecting common factors in the factor model. Numerical simulations validate
the accuracy and robustness of our proposed methods, demonstrating superior
performance compared to existing approaches in the literature. Technically,
we establish the asymptotic distributions of the largest eigenvalues of boot-
strapped sample covariance matrices for various classes of multipliers in both
spiked and non-spiked models, which may be of independent interest.

1. Introduction

The bootstrap method [30] is a powerful and widely used tool in multivariate statistics and
machine learning. By resampling a single dataset to generate numerous simulated samples,
it facilitates inference even when little is known about the properties of the data-generating
distribution. This approach is particularly appealing when theoretical derivations based on
asymptotic analysis are complex or rely on restrictive assumptions. On a related note, the
covariance matrix plays a central role in virtually every aspect of multivariate data analy-
sis. Over the past few decades, technological advancements have spurred growing interest in
developing methodologies and tools to address the challenges posed by high-dimensionality
and complexity [73]. In particular, extreme eigenvalues of sample covariance matrices are
critical in principal component analysis (PCA) [1, 48]. However, current theoretical findings
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on these extreme eigenvalues often depend on unknown parameters of the population covari-
ance matrix and are typically intricate [8, 73], rendering conventional methods impractical in
many cases.

An intuitive approach to overcome the above challenges is to apply bootstrap methodology
to covariance matrices in the high-dimensional regime. Then, a natural question arises:

Could the asymptotic distribution of extreme sample eigenvalues be effectively approxi-
mated using the multiplier bootstrap method? If not, can the multiplier bootstrap be adapted
to maintain its efficiency in high-dimensional settings for PCA?

Addressing this question is highly non-trivial, as the extreme sample eigenvalues of large
covariance matrices exhibit complex limiting distributions that depend on the structure of the
population covariance matrix. For example, non-spiked covariance matrices often follow the
Tracy-Widom distribution [9, 26, 28, 39, 32, 47, 51, 55, 65], whereas spiked covariance ma-
trices tend to follow some Gaussian distribution [7, 8, 15, 48, 63]. In all these distributions,
the asymptotic results often involve unknown and complex quantities, making it challeng-
ing to apply these results in practice. Moreover, as highlighted in [34, 49], directly applying
standard bootstrap methods in high-dimensional regimes can sometimes yield erratic results
for statistical inference involving extreme eigenvalues. This issue becomes particularly pro-
nounced in scenarios where population spikes are weak or entirely absent; see Section 1.1
below for further discussion of these challenges.

Motivated by these difficulties, this paper provides a comprehensive analysis of the effects
of multiplier bootstrap procedures on the asymptotic behavior of the top eigenvalues of sam-
ple covariance matrices in high-dimensional settings. It also proposes practical and effective
methods for specific statistical tasks using multiplier bootstrap techniques. We demonstrate
that preserving information from the original sample covariance matrix through multiplier
bootstrap procedures poses significant challenges. These challenges often necessitate careful
selection of multipliers, a large number of bootstrap replications, and, in some cases, addi-
tional bias corrections to improve statistical estimates after bootstrapping.

Before going to the details, we first generate our bootstrap procedure for high-dimensional
sample covariance matrices as follow. Consider a sequence of data s; ~s € RP,1 <t < n,
which are i.i.d. observations of a random vector s such that

(1.1) s=Y"2x e R?,

where Y. € RP*P is deterministic representing the covariance structures in the dataset and
x € R? is a random vector containing i.i.d. centered random variables with variance n~'. For
high-dimensionality, we mean that p and n are comparably large. Now, given a sequence of
data s; = ©1/2x;,1 < i < n, we resample s;’s via a sequence of random multipliers & ~ & €
R which are independent with x. The resampled data can be described as

(1.2) yi =652, eRP, 1<i<n.

We may write the resampled data matrix as Y = X/2X D, where X = (x;) and D is a
diagonal matrix containing {&;}. Then the bootstrapped sample covariance matrix can be
constructed as follows

(1.3) Q:=YY*=x2xD?Xx*x!/2.

Technically, understanding the asymptotic behavior of the largest eigenvalues of () is cru-
cial for analyzing the performance of the multiplier bootstrap for the edge eigenvalues of
the sample covariance matrix. In what follows, we first provide a summary of some related
results in Section 1.1. Then we offer an overview of our contributions in Section 1.2.
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1.1. Summary of some existing related results

In this subsection, we summarize results related to the bootstrap methodology. While the
bootstrap is extensively studied in the literature [3, 12, 18, 30, 31, 66], our focus is specifi-
cally on aspects relevant to sample covariance matrices. The use of the bootstrap for studying
sample covariance matrices dates back to [11, 20, 29] and has since evolved into a powerful
tool in multivariate analysis [1, 18, 61]. Key findings from these studies show that nonpara-
metric bootstrap methods can effectively approximate the eigenvalue distribution of sample
covariance matrices in low-dimensional settings, where the sample size approaches infinity
while the data dimension remains fixed or grows slowly.

More recently, the research has focused on evaluating whether the bootstrap methods can
reliably capture the asymptotic properties of sample covariance matrices in high-dimensional
settings. We summarize some closely related literature as follows. For the global behav-
ior of the spectrum of sample covariance matrices, [57] investigated the problem of boot-
strapping linear spectral statistics for datasets with the structure (1.2). Subsequently, [69]
extended this study to the bootstrap of linear spectral statistics in the high-dimensional el-
liptical model. Moreover, [58] explored the efficiency of bootstrapping the operator norm
under various population decay profiles, while [75] developed a universal bootstrap statistic
based on the covariance operator norm for testing covariance matrices. Additionally, [19]
proposed a nonparametric sampling-with-replacement bootstrap for eigenvalue statistics of
high-dimensional sample covariance matrices.

Regarding individual eigenvalues, much less attention has been given to high-dimensional
settings, except for a few cases under certain structural assumptions. These assumptions gen-
erally ensure that the individual eigenvalues of sample covariance matrices exhibit Gaussian
behavior. For instance, [41] studied the multiplier bootstrap for the largest eigenvalue in a
moderately diverging dimension setting, assuming p = o(n!/ 9), while [72] investigated the
standard bootstrap for the largest eigenvalue, assuming that the eigenvalues of 3 decay ex-
ponentially. Similar assumptions and results for eigenvectors were established in [60]. More
recently, [74] examined the standard bootstrap under a factor model, assuming strong factor
strength. However, it remains unclear and challenging to determine whether the multiplier
bootstrap can perform effectively in high-dimensional settings without relying on such strong
structural assumptions, as questioned in [34, 49].

Finally, we note that (1.3) is often referred to as a separable sample covariance matrix
in the context of random matrix theory (RMT). In the literature, such models have been
studied primarily under scenarios where both > and D are bounded and deterministic; see,
for instance, [17, 28, 33, 64, 71, 76]. However, our focus on the random matrix model in
(1.3) differs from the aforementioned studies, as we treat D? as random multipliers, whose
range may also be unbounded. Existing results addressing the case of random D are limited
[33, 76], and these are confined to analyzing the limiting spectral distribution under specific
conditions. In this regard, our findings contribute to the RMT literature by providing the
limiting distributions of the edge eigenvalues of a novel class of separable sample covariance
matrices with random structures, which may be of independent interest.

1.2. An overview of our results and contributions

In this section, we provide an informal overview of our results and highlight the main contri-
butions and novelties of our paper. At a high level, our findings and proposed algorithms
demonstrate that the multiplier bootstrap can effectively analyze the asymptotics of the
largest few eigenvalues of sample covariance matrices, whether spiked or not, provided that
the multipliers are appropriately chosen and the bootstrap procedures are applied multiple
times. We elaborate on this in more detail below.



In Section 3, we examine the feasibility of the multiplier bootstrap for non-spiked sam-
ple covariance matrices in high dimensions. First, Theorem 3.1 reveals that the multiplier
bootstrap fails to replicate the asymptotic Tracy-Widom distribution for the largest eigen-
values of non-spiked sample covariance matrices when the multipliers are unbounded. This
failure arises because, in such a setting, the largest eigenvalues of the bootstrapped sam-
ple covariance matrices instead follow either a Fréchet or Gumbel distribution. Second, in
contrast, Theorem 3.3 shows that for various types of bounded multipliers, the largest eigen-
values of the bootstrapped sample covariance matrices can follow Tracy-Widom, Gaussian,
or Weibull distributions. This makes it possible to recover the asymptotic distribution of the
largest eigenvalues of the sample covariance matrices with appropriately chosen bounded
multipliers, provided that the parameters of the Tracy-Widom law are accurately estimated.
Third, to achieve this, we propose a new modified procedure, Algorithm 1, which generates a
large number of bootstrapped sample covariance matrices using carefully designed bounded
multipliers. Theoretically, Corollary 3.6 establishes that our modified multiplier bootstrap
procedure can effectively capture the Tracy-Widom law for non-spiked sample covariance
matrices—a task previously considered challenging in [34].

In Section 4, we examine the effectiveness of the multiplier bootstrap for spiked sample co-
variance matrices. As established in Theorem 4.1, the largest eigenvalues of the bootstrapped
sample covariance matrices under the spiked model are asymptotically Gaussian, regardless
of whether the multipliers are bounded, under mild assumptions. While this suggests that
the multiplier bootstrap may recover the asymptotic normality of the largest eigenvalues of
the spiked covariance matrix, it also introduces a biased mean and a more intricate variance
structure, as highlighted in Theorems 4.1 and 4.3, particularly when the spikes are not suf-
ficiently strong. Direct theoretical estimation of the asymptotic mean and variance is highly
challenging, requiring stronger assumptions on the spikes and additional technical efforts
[34, 72]. To address these issues, we propose a novel algorithm, Algorithm 2, which utilizes
multiple bootstrapped sample covariance matrices with carefully chosen multipliers whose
effect remains dominated by the actual spikes (cf. (4.1)). Corollary 4.5 demonstrates that
our refined multiplier bootstrap procedure effectively captures the asymptotics of the lead-
ing spiked eigenvalues of the sample covariance matrices under weaker assumptions for the
spikes.

Finally, in Section 5, we explore the application of the multiplier bootstrap to PCA for
selecting common factors, building on our established results. Technically, this problem re-
duces to detecting spikes in a spiked covariance matrix model. Specifically, we propose a
novel distribution-based test using the multiplier bootstrap procedure to test and estimate
the number of spikes. Our new algorithm, Algorithm 3, is simple and leverages the results
and methods developed in Sections 3 and 4. The key idea is to run Algorithm 2 multiple
times with suitably chosen unbounded multipliers and then perform a normality test on the
resulting statistics under a well-established hypothesis (cf. (5.2)). This approach is motivated
by our theoretical findings: under the null hypothesis (i.e., some spikes exist), Corollary 4.5
guarantees that the output statistics from Algorithm 2 are asymptotically Gaussian. How-
ever, under the alternative hypothesis, Theorem 3.1 implies that the statistics follow either a
Fréchet or Gumbel distribution. Consequently, a simple normality test enables us to detect
and consistently estimate the number of spikes (cf. (5.3)).

We note that, technically, this problem reduces to studying the largest eigenvalues of the
bootstrapped sample covariance matrices (1.3) under various assumptions on the multipliers,
for both spiked and non-spiked models. Our analysis reveals that the asymptotic distribu-
tion of these eigenvalues can take various forms, including the three extreme value distribu-
tions for sequences of i.i.d. random variables—Gumbel, Fréchet, and Weibull [10]—as well
as the Tracy-Widom (TW) law, Gaussian, or a mixture of TW and Gaussian distributions.
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The specific distribution depends on D? (i.e., the multipliers), 3, the presence of spikes,
and the aspect ratio p/n. These theoretical findings are of independent interest, offering in-
sights into how bootstrap mechanisms influence the spectral limits of covariance matrices.
Consequently, they provide guidance for designing appropriate multiplier mechanisms to ef-
fectively bootstrap the largest eigenvalues in both spiked and non-spiked models for various
statistical applications.

The rest of this article is organized as follows. In Section 2, we give the details of our
model and some basic assumptions. In Section 3, we present the main results of multiplier
bootstrap for the non-spiked covariance matrix model. In Section 4, we study the multiplier
bootstrap for the spiked covariance matrix model. In Section 5, we consider application of
multiplier bootstrap methodologies in common factor selection. Numerical simulations are
also provided to show the usefulness of our algorithm. Some preliminary and proof strategies
are summarized in Section 6. Technique proof and details are deferred to our supplementary
material [25].

Conventions. Let C_. be the complex upper half plane. We denote C' > 0 as a generic con-
stant whose value may change from line to line. For two sequences of deterministic positive
values {a,} and {b,}, we write a,, = O(b,,) if a,, < Cb,, for some positive constant C' > 0.
In addition, if both a,, = O(b,) and b,, = O(ay,), we write a,, < b,. Moreover, we write
an = o(by) if a,, < ¢, by, for some positive sequence ¢, | 0. Moreover, for a sequence of ran-
dom variables {x, } and positive real values {a,}, we use x,, = Op(ay,) to state that x,,/a,
is stochastically bounded. Similarly, we use x,, = op(a,,) to say that x,, /a,, converges to zero
in probability. For a sequence of positive random variables {y, }, we use Yy, L <k <, for
its order statistics with y(1) 2 y(2) = -+ 2 y(») > 0.

2. The model and basic assumptions

In this section, we introduce our model and some assumptions. As discussed around (1.3),
we consider bootstrapped data matrix of the following form

2.1) Yy =%'2XD,

where X is a p X p deterministic positive definite matrix, D is an n X n diagonal random
weights matrix containing i.i.d. multipliers, and X is a p X n random matrix independent of
D whose entries satisfying the following assumption.

ASSUMPTION 2.1.  Throughout the paper, we assume that the entries of X = (x;;) are
centered i.i.d. random variables satisfying that for 1 < <p,1 < 7 < n,
1
— 2 _
(2.2) Ez;; =0, Exj; = o

Moreover, we assume that for all k£ € N, there exists some constant C; > 0 so that

For the multipliers, we impose the following mild assumptions.
ASSUMPTION 2.2. Let D? = diag {{%, e ,5,%} . Moreover, for its entries, we assume

€2 ~ €21 <i < n, are i.i.d. generated from a nonnegative and non-degenerated random
variable £2 satisfying the following assumptions.
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(i) Unbounded support case. We assume that £2 has an unbounded support and satisfies
either of the following two conditions:
(). isa regularly varying random variable [67] that

L
(2.3) P(¢2 > 2) = @) o,
.’,Ua
for some « € [2,+00), where L(x) is a slowly varying function in the sense that for all
t >0, lim, o L(tz)/L(x) = 1.
(b). €2 has an exponential decay tail in the sense that for some constant 5 > 0 and any
fixed constant ¢ > 0

2.4) Ee't™ < .

(ii) Bounded support case. We assume that £2 has a bounded support on (0,1] for fixed
some constant [ > (0. Moreover, for some constant d > —1, we assume that

(2.5) P(l— €2 < z) < 29tL.

Finally, let F'(x) be the cumulative distribution function (CDF) of €2, we assume that

. 1—F(x)
. =lim ——%
(2.6) 0<b ;%1 (=)

< o0.

REMARK 2.3. Several remarks are in order. First, for the unbounded random multipliers,
(2.3) indicates that the tails of £2 decay polynomially. Many commonly used distributions are
included in this category. To name but a few, Pareto distribution, F’ distribution and student-¢
distribution. Moreover, according to extreme value theory (see Lemma S.1.16 of our supple-
ment), when (2.3) is satisfied, 5(21) follows Fréchet distribution asymptotically. Second, for

the unbounded setting, (2.4) implies that the tails of ¢? decay exponentially. In fact, by ele-
mentary calculations [42], it is not hard to see that when (2.4) holds, it is necessarily that the
CDF of ¢2 admits

2.7 P(¢? > x) = exp(—g(x)),

for some positive decreasing function g(x) > 0. Furthermore, if

(2.8) g€ C([0,00)), lim(1/g'(x)) =0,
oo

we see from Lemma S.1.16 of our supplement that £ (21) follows Gumbel distribution asymp-
totically. In fact, many commonly used distributions, for instance, Chi-squared distribution,
exponential distribution and Gamma distribution, satisfy these conditions.

Third, for the bounded random multipliers, (2.5) indicates that £2 has a possible polyno-
mial decay behavior near the edge. Under the assumption of (2.6), we see from Lemma S.1.16
of our supplement that 5(21) obeys Weibull distribution asymptotically. The conditions allow
for many distributions like (shifted) Beta distribution, uniform distribution and U-quadratic
distribution. In summary, we emphasize that our assumptions in Assumption 2.2 are general
and mild and cover many commonly used multipliers.

The following assumption introduces some mild conditions on the aspect ratio p/n and the
population covariance matrix .

ASSUMPTION 2.4.  We assume the following conditions hold true for some small con-
stant 0 < 7 < 1.
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(i) On dimensionality. Throughout the paper, we consider the high dimensional regime that
(2.9) T<¢=2 <N,
n

(i) On X. For the population covariance matrix 3, we assume that it admits the following
spectral decomposition

»
(2.10) Y= Zajvjv;,
j=1
where
(2.11) T<0p<op 1< <o <o <7l

are the eigenvalues and {v;} are the associated eigenvectors.

We remark that (2.9) is commonly used in random matrix theory and high dimensional
statistics literature for quantifying the high dimensionality. (2.11) states the eigenvalues of
the population covariance matrix are bounded from above and below. On the one hand, when
¢2 has unbounded support as in Case (i) of Assumption 2.2, (2.11) is the only assumption
imposed on . On the other hand, when &2 has bounded support as in Case (ii) of Assumption
2.2, we will provide an additional mild assumption, Assumption S.1.1 of our supplement, to
exclude potential spikes.

In the statistical literature, motivated by real applications, one often adds some spikes
to X which results in the famous spiked covariance matrix model [21, 47]. To construct
such a model, one can introduce a perturbed version of X, denoted as 3 whose spectral
decomposition follows

p
2.12) =Y 5],
j=1

where for some fixed constant r > 0, 61 > 09 > --+ > 0, > 0,41 are r values representing
the larger spikes while the rest o; = 05,7 > r + 1’s are relatively small and bounded. For
simplicity and definiteness, we assume that for some constant 7 > 0
o) .
(2.13) — 2147 1<i<r
Oi+1

Based on f], the counterpart of bootstrapped data matrix (2.1) can be written as
Y =%Y2XD.

Consequently, the bootstrapped sample covariance matrix (i.e., the counterpart of (1.3)) can
be written as

(2.14) Q:=YY*=x12XD2x*21/2,

As explained earlier, the understanding of the multiplier boostrap on the edge eigenvalues
of sample covariance matrices boils down to the study of the first few largest eigenvalues of
the p x p bootstrapped sample covariance matrices () in (1.3) or @ in (2.14). To clarify the
notations used for the various matrices, we summarize them in Table 1.



Model Quantity Sample version Bootstrapped version
: 1/2 3 yrl/2 s 1/2 v 2 yl/2
Non-spiked Matrix S:=¥"7°XX"% Q:=X"7"XD*X"%
Eigenvalues {\;} {N}
. TS/ 2y x4 51/2 5. 51/2 5 n2 yr5l/2
Spiked Matrix S:=Y"XX"Y Q:=X"/“XD“X"%
Eigenvalues  {[;} {p; }
TABLE 1

Summary of some important notations.

3. Multiplier bootstrap meets the non-spiked covariance matrix
model

In this section, we present the first part of the main results by evaluating the effectiveness
of the bootstrap method for different classes of multipliers. Specifically, we establish the
asymptotic distributions of the largest eigenvalues of the bootstrapped sample covariance
matrix (1.3) when the population covariance matrix X lacks significant large spikes. In this
scenario, the extreme eigenvalues of the sample covariance matrix .S in Table 1 follow the
Tracy-Widom distribution.

In Section 3.1, we demonstrate that when the multipliers are unbounded, the bootstrap
method becomes invalid. Subsequently, in Section 3.2, we show that the Tracy-Widom law
can be recovered by carefully selecting appropriate multipliers. To achieve this, we propose
a new algorithm, Algorithm 1, specifically designed to address this challenge in Section 3.3.

3.1. The bad: unbounded multipliers are invalid

We first provide the results for the extreme eigenvalues when the multiplier £? has unbounded
support in the sense that (i) of Assumption 2.2 holds. Denote

1 o1&,
0'12720'1', 0'2:*20'1-.
L L
Recall F(x) is the cumulative distribution function (CDF) of §Z-2, 1 <7 < n. Denote
1
(3.1) bn::inf{x:l—F(x)g}.
n

Recall from Table 1 that A; is the largest eigenvalue of Q).

THEOREM 3.1 (Unbounded multipliers). Suppose Assumptions 2.1, 2.4 and (i) of As-
sumption 2.2 hold. Then we have that when n is sufficiently large

A1

2
S0
where for ¢ in (2.9), ¢ := ¢71. Consequently, when (2.3) holds, <p_1)\1 follows the Fréchet
distribution asymptotically in the sense that for x > 0

(3.2) =@ +op(1).

3.3) lim P <>\1 < a;) =exp (—x*"‘) .

n—00 (pbn

Moreover, when (2.4) and (2.8) hold, ="'\ follows the Gumbel distribution asymptotically
in the sense that for x € R

(3.4) lim P (&'(bn) [p7' A1 — (b +co)] <z) =exp (—e™™),
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where we recall g is defined in (2.7) and co := 1+ o~ x E€2 x 59 /51.

REMARK 3.2. Two remarks are in order. First, Theorem 3.1 states that when £2 has un-
bounded support, A\; will be divergent. Moreover, after being properly centered and scaled,
A1 will have a similar behavior to 5(21). Especially, when £2 has a polynomial decay tail as in

(2.3), we can obtain the Fréchet limit and when &2 has an exponential decay tail as in (2.4),
we can get the Gumbel limit. Second, Theorem 3.1 also indicates that if we select unbounded
multipliers, the typical Tracy-Widom (TW) limit of largest eigenvalues from sample covari-
ance matrices has no chance to be reproduced. Third, the above results can be generalized to
the joint distribution of k largest eigenvalues for any fixed k. Thatis, forall s; e R, 1 <i < k,
(3.3) can be generalized to

. &
lim P ( Ai ) = lim P Q<Si ,
n—00 ©bn 1<igk) T bn 1<i<k

and (3.4) can be generalized to

lim P (g/(bn) (7" A = (bn + o) < si)1<i<k> = nlggop <g/(bn) (5(21) —(by+cp) < Si>1<i<k> .

n—o0

Since the joint distribution of the order statistics of {53} can be computed explicitly [16], the
above formulas give a complete description of the finite-dimensional correlation functions
of the extremal eigenvalues. Finally, we mention that the Fréchet distribution and Gumbel
distribution also appear in the literature in heavy-tailed sample covariance matrices, see [4,
43, 44, 45] for example.

3.2. The good: recovering TW law is possible with bounded multipliers

Next, we state the results when the multiplier £2 has bounded support in the sense that (ii)
of Assumption 2.2 holds. Recall F'(x) and [ from (2.6), and using the definitions of M1, .
and L, from (6.3) and (6.4) below, we denote

Lo2g? Lis
S1 —/O mdF(S), S92 —/O l_SdF(S),

p 2 p
1 0,;'S1 1

Sgi=— ) —— ==y
3 pz (L+ _0i52)2 4 TLZX: (—L++O’Z’52)2

=1

= | <1+ml<L+>>2dF o-(/ s (”)2‘

Recall the exponent d in (2.5).

(3.5)

and

THEOREM 3.3 (Bounded multipliers). Suppose Assumptions 2.1, 2.4, S.1.1 and (ii) of
Assumption 2.2 hold. Then we have that when n is sufficiently large,

(1). When d > 1 and ¢~ > s3, we have that L satisfies

—lo;
60 Z Lt



10

Moreover, we have that

1

(3.7) nat

)\1 — L+ ) < 2
— | — (&1 — l) =op(1).
<541(1 — ¢s3) W
Consequently, we have that A\ — L follows Weibull distribution with parameter d + 1
asymptotically in the sense that for r <0

(bn)dJrl
sp'(1—¢s3)

where b is defined in (2.6).
(2). When d > 1 and ¢~ < s3, we have that \1 is asymptotically Gaussian in the sense that

(3.8) lim P (

n—0o0

(M —Ly)< x) = exp (—|x|d+1> ,

(3.9) lim P (\/ v\ — Ly) < x) = ®(z),
n—oo
where ®(x) is the CDF of a real standard Gaussian random variable.
(3). When —1 < d < 1, we have that

M—Li=vi+1n+ Op(nil),

where for some ~y defined in (S.23) of our supplement, n*/3~v, follows the type-1 Tracy-
Widom law asymptotically and \/nvs | vi/2 follows standard Gaussian distribution asymp-
totically. More specifically, if v=o(n=1/3),

lim P (n2/3'y()\1 — L)< x) =T(z),

n—oo

where T(z) is the CDF of the type-1 Tracy-Widom distribution. Moreover, if v >> n=1/3,
(3.9) holds.

REMARK 3.4. Theorem 3.3 shows that, when 2 has bounded support as in (2.5), A; will
be bounded and can have several phase transitions depending on the exponent d, aspect ratio
¢ and the threshold s3 which encodes the information of ¥ and the distribution of £2.

First, in the setting when d > 1, on the one hand, when ¢~! > s3, after being properly cen-
tered and scaled, Ay will have similar asymptotics as & (21) and Weibull limit will be obtained.

On the other hand when ¢! < s3, A\; will be influenced by all {512} and hence asymptot-
ically Gaussian. For the critical case ¢! = s3, we believe there will be a phase transition
connecting Gaussian and Weibull. Since this is out of the scope of the paper which focuses
on statistical applications, we will pursue this direction in the future works.

Second, when —1 < d < 1, the limiting ESD of @ (cf. p in Theorem 6.2) will have a
square root decay behavior. In this setting, A; will be influenced by two components, the
TW part v1 and the Gaussian part 9. The TW part is due to the square root behavior and
the Gaussian is due to the fact that A\; will be potentially influenced by all {53}; see Section
S.4.2 of our supplement for more details. We mention that the variance of the Gaussian part
can potentially decay and v; and 1 are in generally dependent. Moreover, by appropriately
choosing the multipliers to ensure the variance of the Gaussian component diminishes, the
fluctuation of A\; — L is predominantly governed by the Tracy-Widom distribution. This ap-
proach demonstrates that the Tracy-Widom distribution can be recovered using the bootstrap
method with carefully selected bounded multipliers, as detailed in the following subsection.

Finally, as discussed in Remark 3.2, we can generalize the results of Theorem 3.3 to the
joint distribution of k largest eigenvalues for any fixed k. We omit the details.
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3.3. The modification: adjusted multiplier bootstrap for the TW law

In this subsection, we explore an application of Theorem 3.3 to recover the TW distribution,
which was previously considered a pessimistic task in [34] using the multiplier bootstrap.
As discussed in Remark 3.4, the theoretical insights behind (3) of Theorem 3.3 suggest
that it is, in principle, feasible to recover the TW law by appropriately selecting multipli-
ers £2 with sufficiently strong concentration properties, such that the quantity v in Theorem
3.3 decays significantly faster than O(n_l/ 3). Inspired by [46], a promising candidate is
€2 =T-1Y"] | (7, where T is some sufficiently large number and the ¢?’s are i.i.d. random
variables satisfying

E() =1, E(G)< oo

For simplicity, we can take the (;’s as i.i.d. Gaussian random variables. In this case, it is
straightforward to verify that E(¢2) = 1 and Var(¢2) = 27!, More importantly, £2 can be
shown to exhibit strong convergence around its mean. As a result, for large value of T', we
can have that v = o(n_l/ 3), and the largest eigenvalue of the bootstrapped matrix will follow
the TW limit as described in (3) of Theorem 3.3.

Below, we propose a novel algorithm to implement the above idea for recovering the TW
distribution by bootstrapping the data matrix $'/2X . The key idea is to employ appropriate
multipliers and generate multiple bootstrapped sample covariance matrices.

Algorithm 1 Adjusted multiplier bootstrap for TW law

Inputs: The data matrix X!/2X the size T'= |n/2] and number of resampling B = [n5/3].
Step One: Foreach j =1,...,n, 7generate T i.i.d. copies of the Gaussian random variable (,
say {Cjtb1<e<7. Set f? =715, ft and construct D? = diag(¢2,...,£2).

Step Two: Repeat the above procedures B times to obtained a sequence of multiplier
matrices {Dg}lgbg 5. Construct the bootstrapped sample covariance matrices from data
matrix 212X as Q, = XY/2XD2X*¥1/2 1 <b< B.

Step Three: Compute the largest eigenvalue of each (), 1 < b < B, denoted as

Mb,1,1 < b < B. Compute the estimator L,=B"1 Zle Ab,1-

Output: The empirical distribution (conditional on the data) based on

n2/3{)\b’1 - E-‘r}leSBu denoted as Frw(x).

REMARK 3.5. Two remarks are in order. First, in Algorithm 1, the value of 7" must be
chosen sufficiently large to ensure that the TW fluctuations dominate the limiting behavior of
each ), 1. Second, accurately estimating the unknown parameter L, requires performing the
bootstrap procedure a sufficiently large number of times—significantly exceeding n*/3—to
reduce the estimation error below the fluctuation level of the TW distribution, which is n=%/3.

The theoretical analysis of Algorithm 1 is summarized in the following corollary, the proof
of which will be provided in Section S.4 of our supplement. This corollary demonstrates that
our proposed Algorithm 1 is capable of recovering the asymptotic distribution of Xl (recall
from Table 1 that Xl denotes the largest eigenvalue of the sample covariance matrix).

COROLLARY 3.6. Recall the notations in Table 1. Suppose the assumptions of Theorem
3.3 hold. Then conditional on the data ¥'/? X, we have that for all x € R

(3.10) lim P(n?3(\; — E;) < 2) = lim Fru(z),

n— o0
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where E is the rightmost edge of the limiting spectral distribution of S which is usually
unknown in practice.

As established in the literature (e.g., [9, 26, 28, 32,47, 51, 55, 65]), the left-hand side of (3.10)
follows a (scaled) TW law. Combined with Theorem 3.3 and Remark 3.4, the right-hand
side is also shown to asymptotically follow a (scaled) TW law. More importantly, Corollary
3.6 makes the application of the TW law practical, as it eliminates the need to estimate the
unknown quantity F . Finally, we note that Algorithm 1 and Corollary 3.6 can be extended
to the first k largest eigenvalues for any fixed k, as discussed in Remark 3.4. Furthermore,
they can be applied to test the structure of X. For a detailed discussion, we refer readers to
Section S.4.4 of our supplement.

4. Multiplier bootstrap meets the spiked covariance matrix model

In this section, we present the second part of our results. Specifically, we derive the asymp-
totic distributions of the largest eigenvalues of the bootstrapped sample covariance matrix
(1.3) when the population covariance matrix > exhibits a prominent spiked structure. Under
this setting, the extreme eigenvalues of the sample covariance matrices S in Table 1 follow a
Gaussian distribution with complex variance structures.

In Section 4.1, we demonstrate that the bootstrap method is generally valid, apart from
a bias component, when the population spikes exceed a certain threshold. Building on this,
in Section 4.2, we propose a novel bias correction procedure to enhance the efficiency and
accuracy of the multiplier bootstrap

4.1. The good: multiplier bootstrap can be useful for the spikes

In this section, we demonstrate that the multiplier bootstrap can be a valuable tool for analyz-
ing the asymptotics of large eigenvalues in sample covariance matrices with spiked structures.
Specifically, when suitably chosen multipliers are applied, the leading eigenvalues of the
bootstrapped sample covariance matrix corresponding to the population spikes retain Gaus-
sian distributions, making it possible to study the asymptotics of the largest eigenvalues of
the sample covariance matrices. To formalize this, we introduce the following threshold for
various multipliers according to Assumption 2.2

nt/*logn, if (2.3) holds;
4.1) T:={log'Pn, if(2.4) holds;
l, if (2.5) holds.

In fact, T serves as a reference point for identifying suitable multipliers, determined by the
spike strength of ¥ as in (2.12). For each 1 < < r, we denote a deterministic quantity 6;
which is the unique solution of the equation,

-1

P
IR o
= = ~_1 >
o; nb; —o 1o

7 Zj:r—i—ll 0’1 O'J

with restriction 6; € [0, 20;]. Furthermore, we denote
“4.2)
P P

M; = E¢* K:L > 2 xE(g/BE - 1)2> + ((:L S ) X E(/EE - 1)3>] :
k

k=r+1 v =r+41 ¢
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and
1< u
(4.3) Ez Z vhi(ma =3)+3( > vi)?| — 1,
: k=r+1 k=r+1
where v; = (v1;,...,vp)* is the eigenvector of > and my = E(y/nzi1)?.

Recall from Table 1 that {;;} are the eigenvalues of Q.

THEOREM 4.1.  Suppose Assumptions 2.1, 2.2 and 2.4 hold. For the spikes in (2.12) and
(2.13), we assume

4.4) or>T.

Then conditional on the data matrix XY/2 X, we have for 1 <t <rand x € R,

(4.5) Tim P <\/; <g — l\/Il-) < $> = ®(),

where M; and V; are defined in (4.2) and (4.3), respectively, and ®(x) is the CDF of the
standard Gaussian random variable.

REMARK 4.2. Two remarks are in order. First, the condition (4.4) can be verified in
practice. Recall from Table 1 that {fi;} are the eigenvalues of the spiked sample covariance
matrices S. Specifically, according to [15], for 1 <4 < r, it holds that 1;/0; = 1 + op(1).
Consequently, /i, can serve as a proxy for o, offering valuable guidance for selecting suitable
multipliers based on T.

Second, as noted in Table 1, the non-spiked eigenvalues of @ closely follow those of the
non-spiked matrix ). Specifically, for any fixed integer k, we can show that

(4.6) s = Ml = Op (n™V24 24y ), 1< <k,

where d; is a slowly divergent constant defined in (S.4) of our supplement. By combining
(4.6) with Remark 3.2, we conclude that i, 4; (1 < i < k) follows either a Fréchet or Gumbel
distribution, depending on the tail behavior of the multiplier. In contrast, Theorem 4.1 shows
that the spiked eigenvalues are always Gaussian. This distinction highlights the differing
distributions of the spiked and non-spiked eigenvalues in the bootstrapped sample covariance
matrix, providing a theoretical foundation for detecting spikes. This aspect will be explored
further in Section 5.

It is important to note that the results in Theorem 4.1 cannot be directly applied in practice
since all 8;, M; and V; are unknown. In what follows, we show that 6; can be replaced by the
eigenvalues of the sample covariance matrix (recall Table 1).

THEOREM 4.3. Under assumptions of Theorem 4.1, we have for 1 <i <r,

P () ) =0

where M; and V; are same as in Theorem 4.1.

REMARK 4.4. The CLT result in Theorem 4.3 highlights that while the multiplier boot-
strap methodology is possibly useful for spiked sample covariance matrices, it generally in-
troduces bias parts, as reflected in M; and V;. This sheds light on why the bootstrap technique
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may exhibit instability in approximating the distribution of the top eigenvalues across almost
all types of multipliers, as observed in [49].

In pratice, both M; and V; are often hard to be estimated. In the literature, several technical
assumptions are commonly employed to ease this difficulty, such as assuming the population
covariance is isotropic [5, 6, 37, 68] or requiring the spike strength to exceed the threshold of
nl/2 [72,74]. However, leveraging the intrinsic nature of the bootstrap methodology, one can
approximate M; and V; directly through asymptotic normality by performing the multiplier
bootstrap procedure multiple times. The details of this idea will be presented in the next
subsection.

4.2. The modification: adjusting multiplier bootstrap via bias correction

In this subsection, we leverage Theorem 4.3 to develop an algorithm for estimating the
asymptotic mean and variance of p; /1; for 1 < i < r so that the modified multiplier bootstrap
can be applied. The idea is similar to Algorithm 1 by running the multiplier bootstrap proce-
dure multiple times using some well-chosen multipliers. The algorithm below encapsulates
this approach.

Algorithm 2 Adjusted multiplier bootstrap for spiked eigenvalues

Inputs: The data matrix »/2x , the first r sample eigenvalues {/i; }1<i<,, the number of
resampling B = [n3/2].

Step One: Choose £2 from Assumption 2.2 satisfying T < 7i,.. Generate B multiplier
matrices { D? }1<p<p and construct the bootstrapped covariance matrices

Qp = 21/2XD2X*21/2 1<b< B.

Step Two: Compute the top r largest eigenvalue of each @b, 1 <b < B, denoted as

Hb,is 1<b<B,1<i<r.Foreachl<i<r, computer the estlmators

M =B~ Zb 1sz/HzandV (B-1)" Zb 1 (i / i — z) :
Output: The empirical distributions (condltlonal on the data) based on

Y2 { (i) Tis — I\A/IZ-)/\/ \A/i}lgbgg, for each 1 <14 <r, denoted as Fg) ().

Similar to the discussions in Remark 3.5, the number of times of multiplier bootstrap
procedures should be sufficiently large, for instance, B >> n, to minimize the estimation error
of M; and V; relative to the Gaussian scaling of n'/2. For simplicity, we choose B = |n3/2].
The theoretical properties of Algorithm 2 can be summarized as follows.

COROLLARY 4.5. Under assumptions in Theorem 4.3, we have for 1 < i < r and all
zeR

: (@) —
lim F(z) = @(2),
where ®(x) is the CDF of the standard Gaussian random variable.

Corollary 4.5 prov1des an application for spike detection. Specifically, if the population co-
variance matrix ¥ contains r spikes, the first  empirical distributions Fé ), obtained through
Algorithm 2, will approximately follow a standard Gaussian distribution, even when the sup-
port of the multipliers is unbounded. In contrast, for indices 7 > r + 1, the distributions F(l)
will conform to (rescaled) extreme value distributions, as directly implied by (4.6) and The—
orem 3.1. We explore this application and demonstrate its effectiveness in Section 5.
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5. Statistical applications in common factors selection

In this section, we explore the application of the modified multiplier bootstrap methodology
for selecting common factors in the factor model, drawing on the algorithms and results
presented in Sections 3 and 4.

Suppose we have obtained the data matrix Z = (z;), where z;, 1 <1i < n, are i.i.d. sampled
from the factor model

(5.1) z=Lf+ecRP,

where f is an  x 1 low rank (unobserved) factor, L is a p X r low rank loading matrix and e
is the p x 1 idiosyncratic error which is independent of f. For the purpose of identifiability,
following [5, 6, 37, 68], we assume that Cov(f,f) = I,.. Therefore, the covariance structure
of z can be written as ¥ := LL* + Cov(e,e). Thanks to its low-rank structure, in high di-
mension, Y is often assumed to follow a spiked model, as described in (2.12) and (2.13),
[15, 37, 38].

In factor model applications, a key question is determining the number of common factors
needed to explain the economic variables. This can be framed as identifying the number of
spikes, r, in the data matrix Z. More explicitly, we are interested in testing the value of r via
the hypothesis that

(5.2) Ho:r>r9 vs Hy:1r <rg,

where 7 is some pre-given integer representing our belief of the value of . Based on it, we
can further propose the sequential testing estimator for r as

(5.3) r:=sup{ro>0: Hyis accepted} .

In the literature, many methods based on the eigenvalues of the sample covariance matrix
Z Z* have been proposed for the hypothesis testing problem (5.2) in terms of factor models
under our setting, for example, see [2, 5, 15, 37, 62]. However, most of the existing results in
the literature rely on specific structural assumptions about Z or employ complex techniques
to predict its limiting spectral behavior. In contrast, we propose a novel and straightforward
distribution-biased test for (5.2), leveraging our modified multiplier bootstrap methods out-
lined in Algorithms 1 and 2. In the following, we write W := ZD?Z* as the bootstrapped
matrix of ZZ*, and we abusively denote their eigenvalues as {ji;} (from ZZ*) and {u;}
(from W), respectively.

Intuitively, Corollary 4.5 suggests that under the null hypothesis, the statistics used in Al-
gorithm 2 are asymptotically Gaussian when conditioned on the data, provided that appropri-
ately chosen multipliers (both bounded and unbounded) are used. Furthermore, Theorem 3.1
indicates that when the multipliers have unbounded supports, the statistics from Algorithm
2 follow an extreme value distribution rather than a Gaussian distribution. Consequently, by
employing well-chosen unbounded multipliers and running Algorithm 2, we can perform the
Kolmogorov-Smirnov test for normality to evaluate (5.2). The algorithm is presented below.
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Algorithm 3 Multiplier Bootstrapped Distribution Testing for (5.2)

Inputs: Pre-chosen integer g, data matrix Z, type I error « and the critical value D,, ,, from
one-sample Kolmogorov-Smirnov table.

Step One: Compute the sample eigenvalues of ZZ*, say {/i; }1<i<n. Choose the
distribution of unbounded multiplier £2 by T < [iy,.

Step Two: Input data matrix Z, our chosen unbounded multiplier into Algorithm 2 and run

for the largest ro-th sample eigenvalues. Obtain the output Fg“) (z).

Step Three: Compute the Kolmogorov-Smirnov statistics Dy, ,, = sup,, ]FG(TO) (x) — @(z)]
and conduct the Kolmogorov-Smirnov test.
Output: Reject Hy in (5.2) if D,, ) > Dy, 4.

Generally speaking, under Hy, { F| G(i) () }1<i<r, are asymptotically standard Gaussian dis-

tribution from Corollary 4.5, while FG(TO) (z) will follow either a Fréchet or Gumbel distribu-
tion under H,. We summarize the theoretical properties of Algorithm 3 as follows.

COROLLARY 5.1.  Suppose the assumptions of Corollary 4.5 hold, given some significant
level o,
lim P(Dy,,, <Dpao)=1—ca, under Hy;

n—0o0

while

lim P(D,,,, >Dpa)=1, under H,.
n—oo
In what follows, we conduct Monte-Carlo simulations to demonstrate the accuracy, power
and robustness of our proposed Algorithm 3 under the factor model setup (5.1). For simplic-
ity, considering the setups in [37, 74], in the simulations, for the data matrix Z € RP*" we
assume that

Z=0L'F+E,

where L' € RP*3 is the loading matrix whose rows are independent Gaussian random vec-
tors in R? with covariance matrix diag{1.3,0.8,0.5}, F € R3*" is the factor score matrix
independent of L’ with i.i.d. standard Gaussian entries and E € RP*" is a standard Gaussian
matrix independent of the factor loading and score matrices. Here 6 > 0 is the factor strength.
Under this setup, the null of (5.2) can be characterized as Hg : » = 3 which reduces to check-
ing whether ¢ is large enough. The alternative of (5.2) can be expressed as H, : » = 0 which
reduces to checking whether § = 0.

First, we study our proposed statistics. We check the accuracy under o = 0.1 under the null
that r = 3 with 0 = 3. Moreover, we also examine the power of the statistics for the alternative
when r = 0 which implies 6 = 0. We can conclude from Figure 1 that our Algorithm 3
is reasonably accurate and powerful for various choices of multipliers ¢? under different
settings of ¢.

Second, we compare the performance of our approaches with some existing ones. Again,
since most of the existing literature focus on the estimation of the number of the spikes
instead of inferring, we compare the performance of our inference based estimator 7 in (5.3)
with a few existing ones for estimating the number of factors in the context of factor model.
For definiteness, we compare our estimators with the ones proposed in [2, 5, 15, 37, 62]. In
Figure 2, we compare the accuracy of our estimators when 7 = 3 using correct detection ratio
(CDR). We can find that our estimators can outperform some of the existing ones especially
when the spikes (i.e., factor strengths) are not that large.
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(b) Simulated power.

FIG 1. Simulated type I error rates and power under the nominal level 0.1 for our proposed Algorithm 3. Here
we consider three different settings of multiplier §2 : (I). Gamma distribution with parameters 15 and 15, (I).

exp(1) distribution, and (Ill). x distribution. We take n = 400 and report the results based on 2,000 Monte-

Carlo simulations. The randomness in Z are i.i.d. Gaussian with mean zero and variance n~ L.

6. Some background and strategies for the proof

In this section, we present a concise overview of the proof strategies for the main results in
Sections 3 and 4. To precisely analyze the bootstrap effect on the fluctuation of the largest
eigenvalue of the sample covariance matrix, we leverage and further develop techniques from
random matrix theory to quantify the interaction between the randomness introduced by the
multipliers and the observed data samples. At a high level, guided by concepts from free
probability theory [59], this interaction can be interpreted as the convolution between the
multiplier matrix D and the data matrix X. To clarify the technical details, we begin by
introducing several fundamental notations and concepts from the random matrix theory liter-
ature in Section 6.1, followed by an explanation of our proof strategies in Section 6.2.

6.1. Asymptotic laws

In this section, we introduce some results on the limiting asymptotic laws of the eigenvalues
of the bootstrapped sample covariance matrices @ in (1.3) with its n X n companion Q :=

- i
D)
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FIG 2. Comparison of estimation. In the above figures, "CHP" refers to the method from [15], "AH" refers to
the method from [2], "BN" refers to the method from [5], "FGZ" refers to the method from [37], "ON" refers to
the method from [62], and "RS" refers to our proposed method in Algorithm 3 where the entries of D2 are iiid.
exp(1) random variables. Here n = 400 and the entries of X are i.i.d. Gaussian with mean zero and variance

n~ L. The CDR is reported using 2,000 simulations.

DX*¥ X D. Recall that the empirical spectral distributions (ESD) of () and Q are denoted as

n

1< 1
1Q 12525&:(@)» po = EZ%(Q)-
i=1 j=1

It is well-known that the ESDs can be best described via its the Stieltjes transforms as follows

1 1
(6.1) mQ ;:/ HQs mQ 1:/96_2#9; z€Cy.

r— 2z

Since () and Q share the same non-trivial eigenvalues, it suffices to study pg and mg.
The limit of ¢ can be described by a system of equations [17, 27, 33, 46, 64, 76]. To avoid
repetitions, we summarize these equations in the following definition.

DEFINITION 6.1 (Systems of consistent equations). For z € C,., we define the triplets
(Min, Man, my) € C3, via the following systems of equations.

1< 0j Ly 5’2
62 mn@) =) ey O T i gy
1< 1

For sufficiently large n, we find that pg has a nonrandom deterministic equivalent and
can be uniquely characterized by the above consistent equations. This is summarized by the
following theorem whose proof can be obtained by following lines of the arguments of [33,
Theorem 2] and [64, Theorem 1] verbatim.

THEOREM 6.2 (Asymptotic laws). Suppose Assumptions 2.1, 2.2 and 2.4 hold. Then
conditional on some event Q) = Q,, that P(Q) =1 — o(1), for any z € C, when n is suffi-
ciently large, there exists a unique solution (min(z),man(2),mn(2)) € C3. 10 the systems
of equations in (6.2). Moreover, my(z) is the Stieltjes transform of some probability density
function p = py, defined on R which can be obtained using the inversion formula.
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REMARK 6.3. Several remarks on Theorem 6.2 are in order. First, the probability event
Q) can be constructed explicitly as in Definition S.1.10 and Lemma S.1.12 in our supplement
[25]. Second, we prove an unconditional counterpart for Theorem 6.2 by integrating out the
randomness of multiplier £2. Recall F(z) is the CDF of £2. We can define the counterpart
for (6.2) as follows

1< : s
nc - ) e - dr ’
m n; -z 1+Uzm2n c( ) e ) /0 _Z(1+Sm1nyc(2)) )
1 p
6.3 mnc - ’
(6.3) pzZ:; 1 + o;mon C( ))

In this setting, (1m1y, ¢, Man,c, My ) is always deterministic. Especially, when £ 2 has bounded
support as in Case (ii) of Assumption 2.2, we can actually obtain stronger results as in [64]
that the support of the associated probability density function p is bounded and denoted as

(6.4) supp(p) = [L—, L+].

6.2. Sketch of the proof strategies

In this section, we outline the proof strategies for Theorems 3.1, 3.3, and 4.1, focusing on
the largest eigenvalue. We start with the non-spiked model (Section 3). In this setting, the
arguments differ for bounded and unbounded multipliers D. On the one hand, when D has
unbounded support (Theorem 3.1), the eigenvalues will be divergent. In this setting, we utilize
a perturbation argument. However, as in this case, the associated p in Theorem 6.2 may also
be unbounded, the perturbation approach developed in [14, 27, 50] cannot be applied directly.
Instead, we modify the perturbation arguments by isolating y; corresponding to the largest
multiplier 5(21) from the bootstrapped matrix Y as in (1.3). More explicitly, for the proof of

Theorem 3.1, with m1,(z) in (6.2), the key is to introduce a real auxiliary quantity 91 > 0 to
be the largest solution of

(6.5) 1+ (&%) + di)man(91) =0,

where d; = oP(g(Ql)) (cf. (S.4) of our supplement) is introduced for some technical reasons.
First, as will be seen in our proofs (cf. (S.3) and (S.8) of our supplement), (6.5) provides
a natural way to connect ¥J; and 5(21) in the sense that ¥;/ 5(21) = ¢ + op(1). Secondly, it
establishes a connection between /1 and \; through a modified perturbation argument based
on [14, 21, 27]. Specifically, A\; can be uniquely characterized by the equation M (A1) =0
(cf. (S.5) of our supplement), where M () (cf. (S.4) of our supplement) is a random quantity
isolating the column in (2.1) associated with 5(21). Using our newly established local laws (cf.

Theorem S.1.8 of our supplement), we can further demonstrate that 1+ (£ (21) +di)min(A) =

0. Subsequently, a detailed continuity and stability analysis shows that A1 /¢ =1 + op(1),
thereby completing the proof of Theorem 3.1.

On the other hand, when the multiplier D has bounded support (Theorem 3.3), our argu-
ments are non-perturbative and extend the approach introduced in [52, 56]. This generaliza-
tion is non-trivial and requires a dedicated analysis of the relationship between multipliers
and the largest eigenvalues. Specifically, it necessitates a sophisticated understanding of the
systems of equations, such as those in (6.2), on local scales. A key input is the distinct lo-
cal behaviors of the asymptotic law (cf. p(x) in (6.4)) near the edge under varying settings
(cf. Lemma S.1.5 of our supplement). More precisely, we find that p(x) ~ /L4 — x under
the setup of (2) and (3) of Theorem 3.3, and p(x) ~ (L, — x)? under (1) of Theorem 3.3.
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In the actual proof for Theorem 3.3, we decompose A; into two components: A} — E+ and
L+ — L, where the quantity L+ is defined as the edge of the conditional density function p
in Theorem 6.2 by fixing a realization of the multipliers {¢2} on Q. For cases (2) and (3) of
Theorem 3.3, where the square root behavior emerges, n%/? (M — L+) asymptotically follows
the Tracy—Widom (TW) law with constant-order variance. Regarding the unconditional dis-
tribution, the fluctuation of f+, due to the i.i.d. assumption of D?, is asymptotically Gaussian
by the Central Limit Theorem (CLT), with a variance that may decay to zero. Consequently,
the overall distribution can be expressed as a sum of the TW law and a Gaussian component
(potentially with vanishing variance). For case (1) of Theorem 3.3, the key observation is that
E+ can be represented as the solution of

(6.6) man(Ly)=—1"".

Moreover, for z € C, in a small neighborhood of E+, m1n(z) can be expanded linearly as
Min(2) — min(Ly) = B(z — Ly) + o(n~ /(@1 for some constant 3 (cf. Lemma S.1.5 of
our supplement). Then, it allows us to locate A neighboring around L as

(6.7) Remip (A1 +ing) =~ 75(*57 no = n~Y/2—¢a

Connecting (6.7) with [ — 5(21) and (6.6), we can conclude (3.7) for E+. For the uncon-
ditional result with L., it follows directly from Lemma S.1.5 of our supplement that
L,=1L,+ Op(n~/?*9). Since d > 1, we can conclude that \; is only influenced by 5(21)
and asymptotically Weibull.

We then discuss the proof of the spiked model (Section 4). Given the spiked structure in
(2.12), our proof primarily relies on a perturbative argument tailored for divergent spikes,
as developed in [15]. However, the inclusion of multipliers introduces additional complex-
ity, requiring a generalization of the above perturbative techniques. Due to similarity, our
discussion focuses on Theorem 4.1. A key element of our proof is the introduction of a ran-
dom term, (7 (cf. (S.8) of our supplement), which captures the randomness of 11 /6, solely
through the randomness of {¢; }. The asymptotic Gaussianity arises from the asymptotic nor-
mality of (7, which can be established via a standard central limit theorem (CLT) argument.
To quantify the bias term My in (4.2), we carefully analyze (; — 61 /07. This requires a more
refined analysis of the local scales of the systems defined in Definition 6.1, leveraging our
newly established local laws in Theorems S.1.8 and S.1.9 of our supplement.
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Supplementary material

In this supplement, we provide the proofs for the main results and some auxiliary lem-
mas. As indicated in Section 6 that our actual proof relies on two technical inputs. One is
the detailed analysis of the Stieltjes transforms of the limiting ESD on local scales in some
carefully chosen spectral domains. The other one is a finer control of the randomness of the
quantities associated with ESD. Then, in Section S.1, we provide some preliminary results
and some necessary technique results including averaged local laws. In Section S.2, we prove
the averaged local laws near the edges. In Section S.3, we provide the asymptotic locations
of the edge eigenvalues and prove the main results and other results related to our statistical
applications. Finally, with the above theoretical foundation, the proofs of the main results in
Sections 3 and 4 will be put in Sections S.4 and S.5, some auxiliary lemmas are proved in
Section S.6.

APPENDIX S.1: SOME PRELIMINARY RESULTS

In this section, we introduce some preliminary results which will be used in the proofs.
First, in Section S.1.1, we provide the properties of the asymptotic local laws m1,, ma, and
m,, from Definition 6.1 and establish the averaged local laws. Third, in Section S.1.2, we
examine the properties of the entries of D? and construct some probability events to which
our arguments will be restricted. Finally, in Section S.1.3, we provide some useful lemmas
and a short review of the extreme value theory.

S.1.1. Properties of asymptotic laws and averaged local laws

We start with introducing the properties of the asymptotic local laws as in Definition 6.1.
Recall the definitions of the Stieltjes transforms of ESDs in (6.1). In practice, it is convenient
to define the Green functions of ) and Q for z = F +in € C,,

(S.1) G(2)=(Q —zI)" P eRP*P, G(2)=(Q—2I)" ' e R™™,
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Then (6.1) can be rewritten as
1 1
mg=—-trG(z), mg=—trg(z).
n

p

Before we proceed ahead, we revisit the definition of the systems of equations in Definition
6.1. Thanks to Theorem 6.2, it is easy to see that the study of the systems of equations in (6.2)
can be reduced to the analysis of

(S-Z) Fn(mln(z)vz) :O> ZG(C+,
where F),(-,-) are defined as follows
1< o;
(S.3) Fu(min(2),2) ==Y ——— —mn(2).

n“ _ o, N Si
i=1 —2+ n ZjZl 1+§J2m1n(z)

In the actual proof, the conditional and unconditional version in (6.2), (6.3) are both useful
in their own aspects. To be more specific, the conditional version is more powerful when
€2 has unbounded support whereas the unconditional version is more convenient when &2
has bounded support. Moreover, to avoid the singularity in the definitions of the systems
of equations, we introduce some additional assumption on ¥ which will be used when the
multiplier £2 has bounded support in the sense of (ii) of Assumption 2.2. Such an assumption
has been frequently used in the random matrix theory literature, for example, see [9, 26, 27,
28,32, 51, 55]. Recall the notations mo, . and L in Remark 6.3.

ASSUMPTION S.1.1. When (ii) of Assumption 2.2 holds, for ¥ satisfying Assumption
2.4, we assume that for some constant 7 > 0

lléliigp |1+ oimonc(Ly)| > T.

We now define the sets of spectral parameters as follows. For £? with unbounded support as
in Case (i) of Assumption 2.2, for 9J; defined in (6.5) and d; defined as

1/a=c  if (2.3) holds:
(S.4) dy om0 1T(23) holds;
1, if (2.4) holds,

we denote for sufficiently large constant C > 0 that
(S.5)  Du,=D,(C):= {z —E+ineCy:|E—9i|<Cdy, n¥3<n< 0191} .

For &2 with bounded support as in Case (ii) of Assumption 2.2, for some sufficiently small
constants c, €5 > 0, we denote (recall L in (6.4))
(S.6)

Dy =Dy(c) = {z:E+in€C+:L+—c§E§L++c, n /2 Sngnfl/(dﬂ)*ed}.

Throughout the paper, we will frequently use the minors of a matrix. For the data matrix
Y in (2.1), denote the index set Z = {1,...,n}. Given an index set 7 C Z, we introduce the
notation Y'(7) to denote the p x (n — |7]) minor of Y obtained from removing all the ith
columns of Y for ¢ € T and keep the original indices of Y. In particular, Y® =Y. For con-
venience, we briefly write ({i}), ({¢,7}) and {¢,7} U T as (¢), (¢,5) and (57T ) respectively.
Correspondingly, we denote their sample covariance matrices and resolvents as

(S.7) QT = (Y(T))(y(T))*, o) — (Y(T))*Q/(T))'



MULTIPLIER BOOTSTRAP MEETS HIGH-DIMENSIONAL PCA 25

and

(S.8) G =T -z, ¢T(z)= Q") —zn)~1.

Similar to (6.1) and Definition 6.1, we can define m(QT) (2), mg) (2), mg) (2), mg) (z) and
m$) (=) by removing y;,i € T or E,ieT.

We begin with the summary of the results when &2 has unbounded support as in Case
(1) of Assumption 2.2. The proofs will be deferred to Section S.6.1. Conditional on some
probability event, we provide some useful deterministic estimates for 11, ma, and m,(z)
on the above concerned spectral domain (S.5). Denote the control parameter e as follows

{ logn if (2.3) holds;
e .=

ni/a

L if (2.4) holds.

logt/# n’

(5.9)

LEMMA S.1.2. Suppose Assumptions 2.1, 2.4 and (i) of Assumption 2.2 hold. For any
fixed realization {£2} € Q where Q = (), is some probability event that P(2) =1 — o(1), we
have

1. For z € D, we have that for some constants C7,Co > 0
Remin(z) < —E7Y OinE~?< Immy,(2) < ConE~1.
2. When |E — p1| < Cdy for some sufficiently large constant C > 0, let mi,(E) =
limy, ;o m1n(E + in), then we have that
min(E) =< —E~L.
3. For z € D, and e defined in (S.9), we have that
man(2)] = 0(e), |ma(2)]=0(E™),
Imma,(2) = 0(nE™Y), Imm,(z)=0(nE™?).

REMARK S.1.3. The above lemma provides some controls for the Stieltjes transforms.
Four remarks are in order. First, the construction of the probability event () will be given
in Section S.1.2. Second, by a discussion similar to (S.8), conditional on €2, we can re-
place p; with gaf?l). Third, The above results hold when we replace m1,,, mo, and m,, with

mg), mg) and mg) for any finite 7. Fourth, Lemma S.1.2 also implies the existence of ¥;

defined in (3.2).

Then we state the results when £2 has bounded support as in Case (ii) of Assumption 2.2.
As mentioned in Remark 6.3, for the bounded support case, it will be more convenient to use
both the conditional and unconditional systems. For the conditional setting, when restricted
to 2, we denote the rightmost edge of p as E+. Moreover, parallel to (3.5), we introduce the
following quantities

1 n 1264 1 n l€2 1 p 02/5\1
(S.IO) /S\l = — 7‘77 /5\2 = — J s /5\3:7 #7
P P D e

j=1 j=1 p i=1

p

- 1 i
(S.11) = g

e (L4 + 0iS2)?
Furthermore, we need the following spectral parameter set

1
(S.12) - {z €Dy 1+ Emipe(2)] > 5~ /D= forall 2< < n}
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REMARK S.1.4. We will see from (S.22) and (S.27) that with probability 1 — op(1),
A1 +ing € DZ

LEMMA S.1.5. Suppose Assumptions 2.1, 2.4, S.1.1 and (ii) of Assumption 2.2 hold.
Then for any fixed realization {£2} € Q where Q = (), is some probability event that P(Q) =
1 —o(1), for sufficiently large n, we have that

@). Ifd>1and ¢~ >s3, E+ can be expressed explicitly by the following equation
1 —lo;
(S.13) 1=-%" 7

n (—E++U{S\2).

i
Moreover, for any 0 < k < /L\Jr,
(S.14) p(Ly — k) =<K%,
Moreover, for some sufficiently small constant € > 0
(S.15) s =%k +O(n /24 k=1,2,3,4; Ly = Ly +O(n~1/?*9).
In addition, let z = E+ — Kk +1in € Dy, then

54

(1 — ¢s3)
Similarly, for any z,z' € Dy, we have

(S.17) —~
min(z) — min(2) = 574(2 — 2') 4+ O((logn) (n~ Y/ (@+1)ymindd=1.1} 7)),

(1— ¢s3)
Finally, for z € Dy in (S.12), we have that

(S18)  Immin(z)=0 <max{77,7377}>, Tmmn(2) = O <max{n,nln}>.

Moreover, for 2y defined in (6.7), we have that

(S16)  mun(Ly) —mun(z) = (Z+ -~ z) +O((logn) (k + n)mintd:2h),

(S.19) Immy,(20) < nil/Q, Immy,(20) < n=1/2,

and for z=FE +1ing € Dg in (S.12), we have that
(S.20) Imma,(2) < no, Imm,(z) < no,

if |2 — 20| = Cn=1/?+3¢ for some constant C > 0.
(b). If -1 <d<1ord>1and ¢~ <53, we have that for some fixed constant T > 0 and
alll1<i<n

(S.21) 1+ Emu, (L) >

Moreover, we have that for any 0 < k < E+,
(S.22) p(Ly — k)= r'2.

Equivalently, for some constant v > 0, we have for k | 0
~ 1
(S.23) p(Ly — k) = —7*2/k + O(k).
T
Finally, the results of (a) an (b) still hold unconditionally when my,, is replaced by m1y, ¢,

p is replaced by p and E+ is replaced by L as in Remark 6.3 where s3 and s, should be
replaced by s3 and s4 as in (3.5).
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REMARK S.1.6. Using discussions similar to the paragraphs around equation (5.1) of

[52], by (S.16), (S.27) and the fact mln(f+) = —[~!, we see that (6.7) has at least one
solution.

Then we provide the results of the averaged local laws. Throughout the paper, we will
consistently use the notion of stochastic domination to systematize the statements of the
form “¢ is bounded by ¢ with high probability up to a small power of n."

DEFINITION S.1.7 (Stochastic domination). (i) Let
&= (f(")(u) :neNue U(n)> , = (C(n)(u) :neNue U(”)) ,

be two families of nonnegative random variables, where U™ is a possibly n-dependent pa-
rameter set. We say & is stochastically dominated by (, uniformly in u, if for any fixed (small)
€ > 0and (large) D > 0,

sup P (5(") (u) > ne¢™ (u)) <n P
uel )

for large enough n > ny(e, D), and we shall use the notation & < . Throughout this paper,

the stochastic domination will always be uniform in all parameters that are not explicitly

fixed, such as the matrix indices and the spectral parameter z. If for some complex family &

we have |£| < (, then we will also write £ < ¢ or £ = 0<(().

(ii) We say an event Z holds with high probability if for any constant D > 0, P(Z) > 1 —n~P
for large enough n.

Similar to [17, 27, 64, 71], instead of working directly with m¢ and mg in (6.1), it is more
convenient to study the following quantities

(S.24) my(z) = %tr (G(2)), ma(z) = %Zggﬁ(z).
i=1

Analogously, using the minors in (S.7), we can define mgT) (z) and mgT) (z). The following

Theorem S.1.8 summarizes the averaged local laws for unbounded &2 which will be used in
our proof for the main results. Its proof can be found in Section S.2.1.

THEOREM S.1.8 (Averaged local laws for unbounded support £2).  Suppose Assumptions
2.1, 2.4 and (i) of Assumption 2.2 hold. For any fixed realization {512} € Q where Q =y, is
(1) (1)

introduced in Lemma S.1.2, let my’(2) and my,] (z) be defined by removing the column or
entries associated with 5(21). We have that the followings hold true uniformly for z € D,, in
(S.5)

1. If Case (a) of (i) of Assumption 2.2 holds, we have that
m{?(2) = mi})(2) + O (n~1/2722).
2. If Case (b) of (i) of Assumption 2.2 holds, we have that
m{"(2) =m}) () + 0« (n71/2).

Then we provide the averaged local laws for bounded £2. Recall mg defined in (6.1).
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THEOREM S.1.9 (Averaged local laws for bounded support £2).  Suppose Assumptions
2.1, 2.4, S.1.1 and (ii) of Assumption 2.2 hold. When d > 1 and ¢~ > s3, for any fixed
realization {£2} € Q where Q = Q,, is introduced in Lemma S.1.5, for ng = n~1Y2=¢ defined
in (6.7), we have that the followings hold true uniformly for z € D} in (S.12)

M1n(2) = Mine(2)] <0 Y2 Imy(2) — may(2)] = O ((nmo)™"),

and

[ (2) = mne(2)] 072 g (2) —m(2)] = O< ((nan) ™)

S.1.2. Characterization of ''good configurations''

In this subsection, independent of Section S.1.1, we define some probability events which
are some "good configurations" for the first few largest eigenvalues of D?. Our proofs will
be restricted on these probability events. In fact, as will be seen in Lemma S.1.12, under
Assumption 2.2, these probability events hold with high probability when n is sufficiently
large.

Recall Assumption 2.2 and

D? = diag {¢f, -+ . €1}
Moreover, we define the order statistics of {¢2} as
& =& =2 oy
In what follows, we define these probability events according to the various assumptions of
{€2} in (2.3)~(2.5).
DEFINITION S.1.10.  Denote Q = Q,, be the event on {£2} so that the following condi-
tions hold:

(a). Unbounded support with polynomial decay. When {£?} has unbounded support
with polynomial decay tail as in (2.3), we assume that for all e € (0,1/c), b€ (1/2,1] and
some constants C,c > 1, the following holds on )

5(21) - 5(22) > C 't/ *log™ n,

C'nl/*log ' n < 5(21) <Cn'*logn,

(S.25) &l = Gy 2 CInflog ™ n, 1<i <V,
&y = &y Z ¢! log ™,

1 n
—g €2 < 0.
n -

=1

(b). Unbounded support with exponential decay. When {2} has unbounded support
with polynomial decay tail as in (2.4), we assume that for some constant C' > 1, the fol-
lowing holds on )

&) — &8y = C " og! /P,

c! logl/ﬁn < 5(21) < C’logl/ﬂ n,

1 n
—E €2 < 0.
n -

=1

(S.26)
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(c). Bounded support with d > 1. When {2} has bounded support satisfying (2.5) with
d > 1, we assume that for some sufficiently small constant € >0, €4 < 1/8(1/2 —1/(d +
1)), 0<b<1and 0 < C) <l the following holds on )

n—l/(d—l—l)—ed <l— 5(21) < n—l/(d+1) log n,

&y — &y > /)=

(8.27) 1
> &<,
n -
=1
lzn: : _/ ! dF(t) <%f0rzeD
n i—1 1+ g?mln,c(Z) 1+ tmln,c(z) - \/ﬁ ’ bs

where we recall that F(t) is the distribution of £€2 and C > 0 is some generic constant.

REMARK S.1.11. Two remarks are in order. First, on the event (2, for the unbounded
support case, according to (a) and (b), we see that the first few largest 51-2 are divergent and
well separated from each other. Second, for the bounded support case, we only provide the
results for d > 1 in (c). Nevertheless, it is easy to see that similar results can be obtained for
—-1<d<1.

The following lemma shows that under Assumption 2.2, the probability event {2 happens
with high probability in all the four settings. The proof will be given in Section S.6.2.

LEMMA S.1.12. Let Q) be the events defined in Definition S.1.10, suppose Assumption
2.2 holds, we then have that when n is sufficiently large
P(Q)=1—-O(log~ P n),

for some constant D > 0.

S.1.3. Some useful lemmas and a summary of extreme value theory

In this subsection, we first provide some technical lemmas which will be used in our proof.
The following resolvent identities play an important role in our proof. Recall the resolvents
defined in (S.1) and the minors defined in (S.7).

LEMMA S.1.13 (Resolvent identities). Let {y;} C RP be the columns of Y as in (2.1),
then we have that

1
gzl(z) = - P Zy;kG(Z) (Z)yz"
Gij(2) = 2Giu(2)Gy3 ()i G 2)y; i,
oy = oW (5 4 Gr()Oki(2)
Gij(z) = gij () + Grn(2) 1,] #k.

PROOF. The proof is straightforward using Schur’s complement formula; for example see
[65, Lemma 2.3]. ]
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LEMMA S.1.14 (Some useful matrix identities). For any finite subset T C {1,...,n},
we have that

(S.28) HG(ﬂzl/?Hi — 7 'ImTr <G<T>2) .
Moreover, we have that
(G~ ) <,

(S.29)

TG - G)| < a7+
‘ImTr(G(i) — Q)‘ <nlz| 2+t

PROOF. Due to similarity, we focus our discussion on the separable covariance i.i.d. data,
i.e., Case (2) of Assumption 2.1. In fact, it is easier to handle Case (1) since X can be always
assumed to be diagonal.

We start with the proof of (S.28). Recall (S.8). We can write

o — <21/2 xMp2x(Mxl/2 _ Z)
Let the spectral decomposition X = UAU*. Observe that

G2 = T ((EWX(T)D?X(T)EW ) UAD (2P X DX (Ds? 2>_1>

-1

-1 —1
~ Ty (U (Al/ 2 Xx (M p2x (MAl/2 z) U*UAU*U (A1/2U*X(T)D2X(T)UA1/ 2_ 2) U*)

B 2
_ H(Al/zU*X(T)D2X(T)UA1/2 - z) 1A1/2

F

-1
=y ImTr [(AUQU*X(T)DQX(T)UAl/2 — z> A] ,
-1
=n"'ImTr [U*U (A1/2U*X<T>D2X<T>UAl/2 - z> U*UA] ;

= mTr (sz) ,

where in the fourth step we used Ward’s identity (see the equation below (4.42) of [22]).
Second, the proof of (S.29) follows from the definitions of the resolvents; see [26, Lemma
A .4] and the proof of [9, Lemma 4.6] for more detail.
]

LEMMA S.1.15 (Large deviation bounds). Letu = (u1,uz, - ,up)*, 0= (U1, Uz, - ,Up)* €
RP be two real independent random vectors. Moreover, let A be a p X p matrix independent
of the above vectors. Suppose the entries of the random vectors are centered i.i.d. random
variables with variance n= and E|/nv;|¥ < Cy, where v; = u;,u;,1 < i < p, then we have
that

~ ul[2 - 1 1 1
|u*u| < u, lu*Au| < —||Allp, [0 Au— —TrA| < —||A]F.
n n n n

PROOF. The proof can be found in Lemma 3.4 of [65] or Lemma 5.6 of [71]. ]
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In what follows, we provide a mini-review of the extreme value theory for a sequence
of i.i.d. random variables following [42]. For more systematic treatments, we refer to the
monographs [10, 16, 40, 67].

LEMMA S.1.16 (Fisher-Tippett-Gnedenko Theorem). Let {22} be a sequence of i.i.d.
random variables and denote M, := x%l) as the largest order statistic.

1. If there exist some constants o, > 0 and 5, € R and some non-degenerate cdf G such
that o, ' (M, — By,) converges in distribution to G, then G belongs to the type of one of
the following three cdfs:

Gumbel : Go(z) =exp(—e™*), x €R
Fréchet: G o(z) =exp(—z~ %), 220, a >0,
Weibull : G, (z) =exp(—|z|?), z <

2. Recall (3.1). First, if {x;} satisfies (2.3), we have that

M,
= :d> Gl,on
bn,

Moreover, if we futher assume limgo, L(x) = C for some constant C > 0, then b, =
(Cn)'/e. Second, if {x;} satisfies (2.4) and (2.8), we have that

g (b)) (M — by) = Go.
Finally, if (2.5) holds, recall b in (2.6), we have that

(bn) /D (M, — 1) 2 Gy gy

PROOF. The proof can be found in the standard textbook or review article regarding ex-
treme value theory. For example, see [42] and [10]. ]

APPENDIX S.2: PROOF OF AVERAGED LOCAL LAWS

In this section, we prove the local laws Theorems S.1.8 and S.1.9.

S.2.1. Unbounded support setting: proof of Theorem S.1.8

In this section, we will prove Theorem S.1.8. Due to similarity, we focus on the proof of part
1 and briefly discuss that of part 2. The proof contains two steps. In the first step, we will

establish the results for the results of () outside the bulk of the spectrum on the domain D,,
denoted as follows

(S.1)  D,=Dy(C):= {z:E+in:0<E—z91<Cd1, n*2/3gngc:z91}.

That is, we will establish the following proposition.

PROPOSITION S.2.1.  Under the assumptions of Theorem S.1.8, the following results hold

uniformly on the spectral domain D, in (S.1) when conditional on the event ) in Lemma
S.1.12.

(1). If Case (a) of (i) of Assumption 2.2 holds, we have that

B dij ~1/2-1/a
2(1+min(2)€2) +0< (n ) ’

(S.2) Qij(z) =
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where §;; is the Dirac delta function so that §;; = 1 when © = j and 6;; = 0 when i # j.
Moreover, we have that

mi(z) =min(2) + O« (n_l/Q_Q/a> , ma(z) =man(z) + O (n—l/Q—l/a) :
and
53 ma(z) = ma(2) + O (n /727

(2). If Case (b) of (i) of Assumption 2.2 holds, we have that the results in part (1) hold by
setting o = Q.

Once Proposition S.2.1 is proved, we can quantify the rough locations of the eigenvalues
of () as summarized in the following lemma.

LEMMA S.2.2. Suppose Assumptions 2.1, 2.4 and (i) of Assumption 2.2 hold. For some
sufficiently large constant C' > 0, with high probability, for any fixed realization {53} €
where Q = Q,, is introduced in Lemma S.1.12, for all 1 < i < min{p,n}, we have that

(S.4) Ni(Q) ¢ (¥1,Cn*logn), if Case (i)-a of Assumption 2.2 holds,
and
(S.5) Ni(Q) ¢ (91, Clog' /P n), if Case (i)-b of Assumption 2.2 holds.

PROOF. Due to similarity, we focus our arguments on (S.4). We prove the results by
contradlctlon Assume there is an elgenvalue of () lies in the interval as in (S.4), denote
as \. Let z = )\er 2/3_ Since z € D C D, as in (S.5), by Lemma S.1.2, we obtain
Imm,(z) = 77)\ 2. According to (S.8) and (S.25), we have that on the event

(S.6) 91 > n'*log ! n.

Together with (S.3), we readily see that

Immg(z) =Imm,(2) + Im(mg(z) — mup(z))
(8.7)

< pYe=2/3 | =1/2-2a ) —1/2-2/a

On the other hand, we have

_1 n L i3
Ime(Z)_EZ()\i_XPTnz Z%—n ;

which contradicts (S.7). Therefore, there is no eigenvalue in this interval. Similarly, we can
prove (S.5). The only difference is that (S.6) should be replaced by 91 = logl/ A n according to
(8.26) so that the error rate in (S.7) should be updated to n~1/2, This completes the proof. [

Armed with the above lemma, we can proceed to the second step to conclude the proof of
Theorem S.1.8. In what follows, we first provide the proof of Proposition S.2.1 in Section
S.2.1.1. After that, we prove Theorem S.1.8 in Section S.2.1.2.
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S.2.1.1. Proof of Proposition S.2.1

We first prepare two lemmas. The first one is to establish Proposition S.2.1 for large scale of
7.

LEMMA S.2.3 (Average local law for large n).  Proposition S.2.1 holds when 1 = C¥y.

PROOF. In the sequel, without loss of generality, we assume that £ > €3 > -+ > €2,
Note that according to (S.8), (S.25) and the definition of d; in (S.4), on the event {2, we
have that

(S.8) E =g
When 7 = CE, we have max {|GT)||,|GT)||} <n~! =c'E~! for any finite 7 C
{1,...,n} by definition. The main idea is to explore the relation of m; and my using Lemma

S.1.13. We start with my. By Lemma S.1.13 and definition of my in (S.24), we have

n

1 £2 1 £2
S.9 =— C — = — L .
oYy ; —z- ZYZ‘G‘“W n ; —2(1+&n GO + Z;)”

n

Zi=y;GOy; — &n 'rGOL,

As y; is independent of G(?), by (1) of Lemma S.1.15, we see that

2
1 Z; & oy €160 &
(S.10) < G Rl < IIG [1ipMIrg =

Moreover, using the definition of m; in (S.24) and the second resolvent identity, we readily
obtain that for some constant C' > 0

1

2
(S.11) Etr(G(i)E) —m(z) = lyz GGy, <c &

nn?
Moreover, by (S.8) and the form of 7, we find that for some constant C' > 0

14+ &my|>1-Ccc >0,

when C > 0 is chosen to be sufficiently large. Together with (S.9), we obtain
(S.12)

1 o 2 1 2
fz gl _ 5—12+O<(n_1/2_1/°‘),
n i=1 _Z(1+£2m1+0<(\fﬂ)) n i—1 _Z(l‘i'fiml)

where we used (S.25).
Then we work with m;. Decompose that

Q—zl= Zyiy;‘ + z2ma(2)X — z(1 + ma(2)X).
i=1

Applying resolvent expansion to the order one, we obtain that

G=——21T+ma(2)2) ' +271@ (Z Yiy; + zm2(2)2> (I +ma(2)T) L.

i=1
Furthermore, using Shernman-Morrison formula, we have that
GWy;

S.13 Gy;j= —> i
(S.13) y T +y:GOy,
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Combining the above two identities and Lemma S.1.13, we can further write

G =211 +ma(2)% *12 iy 152 )(I+m2(z)2)1]

1+y:GUly

(S.14)

1 - (GO 25
" [z_lnz (1 +y*G<)>£ (I+m2(2)2)_1]
i=1 i Yi

=2 NI +ma(2)8)" ' + Ry + Ro.

In what follows, we control the two error terms 11, Rs. For R, we notice that

GO (y;y;f —n 1E2Y) () —1
Jr (R1X) = Zt ( I+ y7GWy, (I +my'¥) 2>

(SIS) yzy —-n 152 ) ) . -
2 (SR ) (kg ) — a1+ m3) 13

:=R11 +Ri2.

Since |G®|| <!, using (S.8), (S.25), with high probability, we have that for some constant
C >0,

i lo n
(S.16) m{?(2)] < = Zg2yg> ia
J#l

Moreover, according to (S.10), with high probability, when n is sufficiently large, we have
that for some constant C' > 0

(S.17) 11+y:GWy | <14 &n 'trGI8| > 1 - Cc™! >0,
whenever C is chosen sufficiently large. Consequently, for all 7, we have that

tr(G(i) (yiy; —n~'§%)
1+y; Gy,

(I+ mgi)z)*z) = tr (§§G<i> (wul — n )T +m{%)" 122)
=¢2 (ufG( (I + m(Z)Z)AEQui —n " tr (G(i) (I+ mg)Z‘,)AZQ))

1
S.18 <g2_-
(S.18) & —k
where in the third step we used (1) of Lemma S.1.15. Together with (S.25) and (S.8), we find
that

Ri1 < n_1/2_1/a.

For Ri2, using the definition in (S.24) and the identity in Lemma S.1.13 and the definition of
G (see (S.28) below), we see that

ngzgz] 52(g7,7, — ’2‘71)
(S.19)  ma(z) — Zg (Gi; — ') Z &G, - :
J#l
In addition, using Lemma S.1.13 and a discussion similar to (S.17), we conclude that
1

— sy Dy
() z—zy; Gy < |z|.
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Moreover, by Lemmas S.1.13 and S.1.15, we have that

Gij(2) = 2Gi(2)G5;) (2)yi Gy < |l &€ I~ G Nl <™zl dlgigl, i # .
Combining the above bounds with (S.25), we see that

(4)

ma(z) —my’ (z) < n~ e,

Together with (S.17) and (S.18), we arrive at

Rio < 7772”3/2 .

Using the above bounds, we see that
Etlr(RlE) <n Y2
n

-1

For Ry, applying the Sherman—Morrison formula to ((G)~! + y;y¥)~!, we obtain that

1 tr<(G<i>—G)z(1+mzz)—1z) 1 |y;GUS(I +meX) 'SGyi| | &
n 14+ yrGUy; n 1+ yrGUy; nn?’

where in the second step we used Lemma S.1.15 and (S.17) and a discussion similar to (S.16).
Together with the definition of Ry in (S.14), by (S.25), we find that

—ytr (RyY)| 225—< —1=2/e

(S.20)

As aresult, in light of the definition m; in (S.24), we have

my = %tr(G(z)E) = —zfl%tr((f +ma(2)2)718) + O<(n*1/2*2/0‘)
(S.21) _
Z(l + mgai)

— may(2). Recall may,(2) in (6.2). Combing (S.12) and (S.21), we

+ O<(n—1/2—2/a)'

NE

1
n
1

=T

We first control ma(z
have that

ma(z) — man(z)

(S.22)
1< 2 2
=— d i O_(n~-1/2-1/«
n— <—z(1+§i2m1) z(1+§z-2m1n)> + ( )
n 4
1 & (m1 —mup) n O<(n71/2’1/a)

~n — 2(1+&my)(1+ &may)

ESY & Ly o7 (ma — man) ~1/2-1/a

By a discussion similar to (S.16) and (S.17) with high probability, when n is sufficiently
large, we have that

|ma — may| = ( Z 52 |me — m2n|) +0<(n —1/271/01)

= 0(n*2/a|m2 — magn|) + O (n™ /271y,
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where in the second step we used (S.25). Then we can conclude that mo — ma, < n~1/2-1/a
By a similar procedure, we also have m; — my,, < n~1/2-2/2,

Armed with the above two results, we proceed to finish the rest of the proof. Recall m in
(6.1). Using (S.14) and a discussion similar to (S.21), one can see that

mg = 1tr(G(z)) = EZ _ + O<(n_1/2_2/°‘)

p p = 2(1+ma0)
1 1 1 (ma — man) o X
= ot O (n-1/2-2a
p i 21+ man0i) p;»’?(l‘i‘mw@)(l—l—mgnai) = )

(S.23)  =my + O (n~ 272/,

where in the last step we recall m,,(z) in (6.2). Finally, for the control of the matrix G, for
the diagonal entries, by Lemma S.1.13 and a discussion similar to (S.10) and S.11, we have

1 1
— 1 — _ 1 ( —1/2—1/04)'
A1+ &m+0-(35)  A0+Egmn )"

For off-diagonal entries, together with Lemmas S.1.13 and S.1.15, we have

1Gisl < 211Gl G lly; Gy, <~ V/2=2e,

This completes the proof when (2.3) holds. For the case (2.4), the main difference is to use
the estimates of (S.26) instead of (S.25) whenever it is needed, for example, (S.9). We omit
further details. This completes our proof.

]

The second component is to prove Proposition S.2.1 under a priori control of the resolvent
which is summarized in the following lemma.

LEMMA S.2.4.  Proposition S.2.1 holds if (S.2) holds uniformly for z € f)u

PROOF. Note that according to the priori control (S.2), we have that for 1 <i# j <n
1
S.24 = — O _1/2_1/a , :O _1/2_1/0l .
( ) gm Z(l "‘fzmln(z) + <(n ) gz] <(n )

For the diagonal entries, when ¢ = 1, using (6.5), we observe that

_ 1 ~1/2-1/a
I =i @y PO
(S5.25)
_ 1 Zf%(mln(z) —min (V1)) —1/2—1/a
= @mnn(0) | G Eman )+ B ) T O )
_ 1 _ Zf%(mln(z) — min (V1)) —1/2—2/a —1/2-1/a
= i (91) 2y (0h) (911 +0<(n )) +0<(n )
_ 1 - Zé% (gll + O_<(n—1/271/o¢)) % O_<(n71/a) + O_<(n71/2*1/0()7

zdimin(P1)  zdimin(Yh)
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where in the fourth step we used Lemma S.1.2. By Lemma S.1.2, (S.8) and (S.25), this yields
that for some constant C' > 0

C

(826) ’g11’ = + O_<(n_l/2_1/a) — di + O_<(n—l/2—l/o¢).
1

1
]zdlmln (191) |

Similarly, when 2 < ¢ < n, by (S.25) and the definition of d;, using Lemma S.1.2, we see
that

(S.27) Gii = O (n~Y®).

We also provide some basic controls for the matrix G for all 1 < < n. By definition
and an elementary calculation, it is not hard to see that

(S.28) G =t gW =0 1<k£i<n.

Moreover, using (S.24), (S.27) and the third identity of Lemma S.1.13, we find that for 1 <
1< n,

(S.29) GU =0 (YY), ki GO =05 (n V2V, kL4

With the above preparation, we now proceed to the control of Z; in (S.9), unlike in (S.10),
since ( and Q have the same non-zero eigenvalues, we control it as follows using the above
bounds

&\ A &\ A & & 5 Vin—p|
Zi < *IIG()EHF< ;HG()H -t r((GW))1? < - tr((GW)*)2 + P
(S5.30) €2 2,1/2 . 1/2 2
SHTONIR g () (1)y2 §;
p LRl e e (4 O %; j;;@w) e
5% -2 —2/a 2, —1-2/a 1/2 £z2 512
-<z(|z| +nn +n“n ) n1/2+1/04-<n1/2+1/°"

where in the third and fourth steps we used (S.28) and (S.29).
Besides, unlike in (S.11), by a discussion similar to (S.30), we now have from Lemma
S.1.15 that
1 . 1 . 1 Oy»gly,
T := —trGUS —my (2) = —y;G2GWy, = —M
n n n 1+y;Giy;
& n G5
(S.31) n [1+yiGOyil

2
Si Gl (16012 + 2
< 25120Gal (1991 + =57 )
£2

< .
nlt2/a

where in the second step we used the relation (S.13), in the third step we used Lemma S.1.13
and in the last two steps we used a discussion similar to (S.30).

With the above control, we now use an idea similar to the proof of Lemma S.2.3 to con-
clude the proof. The key ingredient is to explore the relation of m; and mo. We start with
may. Using the above notations and Lemma S.1.13, we find that

1 1

S.32 — ,
(532 —2(1+&mi(2)) Gl +2(Zi+To)
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Consequently, by (S.26), (S.27), (5.30) and (S.31), we see that

1
(S.33) <n Ve,
—2(1+ &m(2))
Then using the decomposition as in (S.9), we have that
1 2 1 2
ma == 2—1fl 1 +*Z 2—? j
n—z(1+&n1trGOT + Z) ni— —z(1+&n trGOY + Z;)

1 & . &

1
(S34)n —2(1+&my(2) + En—1-2/2 + 7, ) ; —z2(1+&my(2) + En—1-2/> 1 Z;)

— 1 €12 ~3/2 1 n 5;1
= ; —z(1+&m4(2)) + 04 (n + - ; |Z’n1/2+1/a)

1 — 2
— ) o) —-1/2—-1/«
w2 T ) O )

where in the second step we used (S.31), in the third step we used a discussion similar to
(S.25) and in the last step we used (S.25). Then we study m using the arguments as between
(S.14) and (S.21). We provide the key ingredients as follows. First, for Ry; in (S.15), note

that by definition of mg) and (S.28) we have that

ijl 14127

J#i

1[;5 (195+ 2201 4 ]

<n Ve

where in the second step we used Lemma S.1.13 and in the last step we used (S.24), (8.27)
and (S.25). Moreover, by Lemma S.1.13 and (S.27), we find that (1 + y;-*G(’)yi)_1 < 1.
Therefore, we conclude that for all 1 <7 < n,

() (v.y* — n—1e2 . , .
tr(G (yiyi —n ?Z %) (I—|—mg)2)_12) = tr (f?G(’)(uiuf —n_ll)(I—Fmg)E)_lE?)

1—|—y*G(Z) Vi
_gl( GO +miD) 152, — n~ltr (G(i>([+m§“z)—122)>
'L K3 52
”G lr < nl/2+1/a’

where in the last step we used a discussion similar to (S.30). Together with (S.25), we can
conclude that Ri; < n~Y/271/®_ For Ry9, using (S.19), (S.24) and (S.27)

62 -1-2/« 1

J#Z
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Then by an argument similar to (S.20), we can conclude that Ry < p-1-1/a

Ry, we have that

. Similarly, for

L (GY - @S +meE) 'S\ | 1|y;GUS( +meX) ' SGy;
n 1+ yrGUy; n 1+y:Gy;

1 * (1 - ) 2
== yiGOS(I +meX) ' uGWy,| < HG( I=IGlF < 5

Consequently, we have that

Zer(Ros) < =3 & e
n 2 n L= pl+ija '
(2
Combining all the above arguments, we find that (S.21) still holds true. Armed with all the
above controls, using an argument similar to the discussions between (S.22) and (S.23), we
can conclude the proof. O

Combining the above two lemmas, we now proceed to the proof of Proposition S.2.1. We
will use a continuity argument as in [26, Lemma A.12] or [13, Section 4.1]. In fact, our
discussion is easier since the real part in the spectral domain D, is divergent so that the rate
is independent of 7. Due to similarity, we focus on explaining the key ingredients.

Proof of Proposition S.2.1. Foreach z = E+in € f)u, we fix the real part and construct a
sequence {n; } by setting n; = C1 — jn 3. Then it is clear that 7 falls in an interval [n;_1,7;]
for some 0 < j < Cn!/*t3 C > 0 is some constant.

In Lemma S.2.3, we have proved that the results hold for 79. Now we assume (S.2) holds
for some 7;. Then according to Lemma S.2.4, we have that

Ima(25) — man(2;)] + [mo(z;) — mn(2;)] <2722 ma(2;) — man(25)] = n =121,

For any 7’ lying in the interval [n_1, 7], denote 2’ = E' 4 i and z; = E + in;. According
to the first resolvent identity, we have that

(535) I6(:) = G(z3)| <n* G G(z) | <™ H1/5-1e,

where in the second step we used the basic bound ||G(2')|| < n%/?, (S.24), (S.27) and Gersh-
gorin circle theorem.

On the one hand, according to the definitions in (S.24), using the first resolvent identity,
we have that

() = mi () = (G () - Glz))%] =

1 1 —17/6—1/«
(G EGE)D) < G e < T,

where in the last step we used a discussion similar to (S.30). Similarly, combining (S.35) and
(S.25), we have that

mg(z’) mo Z] 252 gn gu(zj)) {n—11/6—1/a’

and by a discussion similar to (S.30)

mq(2) = mq(2)| \tr( 2) = G(z)) | <n G IFIG(=) | F

< n—4(n1—2/a)1/2n1/2+2/3 _ n—7/3—1/a'
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On the other hand, using the definitions in (6.2), we decompose that

0; 0j

, 1 .
i) =) = 53 @)~ A F )

T Z ( (1 —i—O’Zan(Z])) B —2zj(1 —|—JZm2n(zj)))

=M + M.
For M1, according to Lemma S.1.2 and (6.2), we readily obtain that

1 idi
M= o ; —2'(1 4 oyman (")) (1 + O'z‘m2n(2j))

(m%(zj) - m%(zl))

o o L e g
=0(l|7) x n;(—zg‘(l‘i‘@zmM(zj)) —Zj(l'i‘f?mln(zl)))

-1 1 512 - 522
O] n¥ <—Zj(1 +&min(2)  —2(1 +§i2m1n(2/))>

= O(I2[71) x (M111 +Mi12).
For My1 1, by a discussion similar to (S.26) and (S.27), we find that

1y & / |
M1 = ﬁ Zz; —Zj(l I fgmln(zl))(l + ggmln(zj)) (mln(Z ) - mln(Z]))
& 1 & N ;
B @ 7 2 POT G @) T ) * 7o)~ )

<0o(1) x [min(2j) —min(2)|.

Similarly, for M1 2, we have that

1 £2(z; — 2') 2=z 5
M I i \%J] ) I <n 3 2/a.
2= Z 2z (1 + Eman(2')) 22

Analogously, we can prove that M5 < n—3—4/o Therefore, combining the above bounds
with (S.25), we see that

|min (') — min(z;)| < n3-2/

By similar procedures and arguments, we can also prove that

man() = man(zp)] <037, () = ()| <m0,

and
|(Z) 7T+ man(2")D?) ™Y = () 7T + man(z;) D) 7| = n =372/,
Therefore, combming all the above bounds with triangle inequality, we see that the results
of part 1 of Theorem S.1.8 hold for 2’. Using an induction procedure and a standard lattice

argument (for example, see [13, 26]), we find that the results hold for all z € f)u and conclude
the proof of Proposition S.2.1. U
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S.2.1.2. Proof of Theorem S.1.8

Once Proposition S.2.1 is proved, we can roughly locate the edge eigenvalues of Q@ as in
Lemma S.2.2 so that we can expand the spectral domain from D to D,, for Q) and con-
clude the proof of Theorem S.1.8.

Recall the definitions of o and )\gl) around (S.1) and in Figure S.3. By Lemma S.2.2
and an analogous argument, as well as Weyl’s inequality, we find that conditional on the event
2, with high probability,

(S.36) B> A > 99 > A,

By (S.8) and a similar argument, we see that ¥, =< &2 ik =1,2. Together with (S.25), we have
that 1 — 99 > Clnl/o‘ log_1 n for some constant C'; > 0 on the event (). This implies for
some constant C' > 0, for z € D,

(S.37) |)\§1) —z| > Cn'/%log™ n,
Now we proceed to the proof of Theorem S.1.8. Recall (S.7) and (S.8).

Proof of Theorem S.1.8. Observe by (S.37) that it holds uniformly for z € D,, and 7 C
{2,...,n}, for some constant C; >0

(S.38) IGUT| < Cyn~ Y logn.

(1)

By the definition of m, * and a decomposition similar to (S.9), we have that
n

1 1 Z §2 1 i 512
my = — -
Pong -Gy v (14 @2n e Gon 4 20)

Zi(l) =y:GWy, — Zp~lr gy
By arguments similar to (S.IO) and (S.11) but with (5.38), we obtain that

52 —l/a
iz )

Z(l) z HG (12) EHF < 7, HG(lz

7

1 . 1 4 .
—tr(GMI%) — mgl)(z) = —yr¢gMzatly, < g—’n_Z/O‘.
n n n
In addition, using (S.38) and a discussion similar to (S.32)—(S.34), we readily see that
n 2
@ _ 1 & _1/2-1/a
=iy & o (e,
o =1 +£§m§ ))
Using the decomposition
n
QW —21=3"yiyr +2m{ ()% — 2(I + my) (2)%),
i=2

by arguments similar to (S.14)~(S.21) with [|GO7)|| = |GUT)|| < n='/*, we conclude that

1
miY) = 27 = (L +my) (2)8)71E) + O (n~ /22

n
1 p
:_Ez

o
i1 2(1+ mgl)ffi)

+ O.<(n71/272/a).
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Combining with the definitions in (6.2), we see that

1$ o? 1. miY () -mil)(2) 122/
== — ~ +O0<(n
<";z<1+azm§2< >><1+mm§”<z>>)(n;z(l+£3m5”<z>><1+s?m§2<z>>) ( :

=o(1)(m{" (z) —m{}) (2)) + O« (n~ V22,

where in the third step we used a discussion similar to (S.33) and (S.25). This completes our
proof. O

S.2.2. Bounded support setting: proof of Theorem S.1.9

In this section, we will prove Theorem S.1.9. In Section S.2.2.1, we study m 1, ¢(2) —mi,(2)
and m,, . — my,, which is a counterpart of Lemma 4.4 of [52]. Then in Section S.2.2.2, we
study miy,(2) —m1(z) and mg — my,, which is a counterpart of Proposition 5.1 of [52].

S.2.2.1. Control of m, .(2) — mi,(2) and my, o(2) — my(2)

Due to similarity, we focus on |m1, . — m1,| and briefly discuss |m, . — m,,| in the end.
The proof ideas follow Lemma 4.5 of [56] or Lemma 4.4 of [52]. We focus on explaining the
parts deviates the most.

PROOF. According to the definitions of m1,, . and m1, in (6.3) and (6.2), we observe that

(S.39)

|m1n,0(2) — min(2)]

1< o 12 o
22 L S
nizl—z—i-aifmdF(s) L D 11%571“(2)
(S.40)
o? n §4
N W 2=t T Emn o) (G
HImine(2) = min(l| -3 2 (G T )

o; & & )
s (2 G Y e ) (P S e e )
=P+ Ps.
On the one hand, for P, we have that

2,,—1 3

l zp: U |n Z] 1+€ Min,c Z) o f 1+5mfn,c(z) dF(S)‘
= )
e O Z] 1 1+52m71 (z))(_z+‘7if 1+SmiL,c(Z)dF(S))‘

Since z € D} C Dy, accordmg to Assumption S.1.1 and the continuity of m1,, ., we conclude
that | — z + o; dF(s))| = c for some constant ¢ > 0. Together with (S.27), we

f 1+sm1 c(2)
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2 52
show that | — z + %% Z] 1m|

Using (S.27) again, we conclude that on €2, for some small constant € > 0 and some constant
C>0

(S.41) P, < COn~1/2te,

> ¢ for some ¢’ > 0 when n is sufficiently large.

On the other hand, for P», for notional convenience, we further write it as Py =
|min,c(2) —min(2)| % |T|. For T, by Cauchy-Schwarz inequality, we have that

(S.42) IT| <E1E,

where Ei, k = 1,2, are defined as

4
n h

o? &;
E . (1 zp: szzl (1+&m1n(2))2 )1/2
11—\ 2 9
g; £j
i | — 2+ n Z?:l THEmin(2) ‘2

(5.43)

o? 3

E, e (1 i W L=l TGP )1/2

2= | — - §2 ) .
’Ll|_z+ Z] 11+£ml’n(‘ |

Together with the identity (S.21) below and the fact mq,(z) <1 for z € D}, we find that

E1 < 1. For the term Eg, we first consider a closely related quantity W(z) defined as

2
1210: o mertFE) L me )

nig - to m e FEF ()

By assumption that ¢! >s3,(3.6) that Mine(Ly) = —{~! and recall the notations in (3.5),
we see that

(S.44) W(L,) < 1.

Armed with (S.44), using (S.27) and Assumption S.1.1, we can apply an argument similar to
Lemma A.6 of [56] or Lemma A.7 of [52] to conclude that when n is sufficiently large, for
z € Dy,

(S.45) E3 =W(Ly)+o(1) <,

for some constant 0 < ¢/ < 1.
Consequently, we find that when n is sufficiently large, Ex < 1. Together with (S.42), we
can conclude that |T| < 1. This yields that

Py = C|7nln,c - m1n|a

for some constant 0 < ¢ < 1.
Inserting the above control back into (S.39), using (S.41), we can conclude our proof
that

(S.46) Mine =mMin(z) + O(n~Y2+e).

The proof of m,, . — m,, follows from an argument similar to (S.39) using (6.2) and (6.3) that
1< 1 ! 1

mn(z) = - Z £ , M, c - 7 5
P —z+on? Z] 1 m P =1 —*toi fo 1+5m1nyc(z)dF(5)

the results of my, . — m1, and (S.27). We omit the details. ]

M@

)
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S.2.2.2. Control of m,(z) — mi(z) and my(z) — mg(2)

Due to similarity, we focus on |m1,, . —m1, | and will briefly discuss how to study |m¢g —my, |
from line to line. The proof ideas follow Proposition 5.1 of [56] or Proposition 5.1 of [52].
We focus on explaining the parts deviates the most. The proof relies on the following two
lemmas.

LEMMA S.2.5. Conditional on the event Q2 in Theorem S.1.9, for all z = E + in € D},
with n=1/2tea < < p=Y(d+Dtea e have
1 1

() = ma(2)] < s fmaz) —mg ()| <

LEMMA S.2.6. Assuming that |m1,(z) — m1(2)| < n(nno) =, then conditional on the
event §), we have that for all z € D,
1 1

() = ma (2] < s fmaz) — ()] <

Armed with the above two lemmas, we now proceed to the control of m1,(z) —m1(2).

Proof: control of my,(2) —mi(z) and m,,(2) — mg(z). Due to similarity, we only
prove mi,(z) — mi(z). We prove this by mathematical induction as that of Proposition
5.1 of [56]. Fix E such that z = E + iny € Dj, we consider a sequence (7;) defined by
n; =no + jn~2. Let K be the smallest positive integer such that 1z > n~'/?+¢. Note that
for j = K, by Lemma S.2.5, we have that

minlz;) —mi(z;)| < —.
1 (z5) = (35) < =

Then for any z = F + in with n;_1 <7 < n;, we have that for some constant C' > 0

|2 — 2| _ n*
<clBizf ¢

n n5_4 n

)

ma(25) — m(2)| =~ (@) - 68 = B A woe)aem) <o

1

where we used the first resolvent identity and the trivial bound |G(z)| < ™", and similarly

1 1 |zj — 2| _ n2a
) — = — dr| < L=< —.
\mln(z]) min(2)] ‘/ [a; -2z T— 2} pla)de| < 77]2'_1 -on
Thus we find that if |mq,(z;) — mi(z;)] < %770’ then by Lemma S.2.6, for some constant
C'>0
CanGd néd
(S.47) [man(2) —ma(2)] < [man(z5) —ma(z)] + <o
n ni

This gives the result that |mi,(2) — mq(2)| < (nno) ! for 2 = E + in with n;_1 <n < ;.
The proof for each z can be completed by an induction on j. Finally, using an induction
procedure and a standard lattice argument (for example, see [13, 26]), we find that the results
hold for all z € Dj. More specifically, we construct a lattice £ from 2’ = E' 4 ing € D} with
|z — 2| <n~3. It is obvious that the bound holds uniformly on £. For any z = E +ing ¢ L,
we finda 2’ € £ and then |z — 2| < n~3. Moreover, using resolvent identity, we can conclude
that [m1(2) — m1(2)| < my 2|z — 2’| < (nno) L. Therefore, we conclude the proof.

O
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In what follows, we prove lemmas S.2.5 and S.2.6. The proofs are similar to those of
Lemmas 5.6 and 5.7 of [56], except that we will need a weak local law as follows.

PROPOSITION S.2.7 (Weak averaged local law). Suppose the assumptions of Theorem
S.1.9 hold. We have that for z € Dj,

Imq(z) — mp(2)] + |m1(2) — mip(2)] + |ma(z) — ma,(2)| = O ((”77)_1/4) ‘

PROOF. The proof of Proposition S.2.7 is relatively standard in the random matrix liter-
ature, for example, see Section 4.1 of [13] or Section 3.6 of [35] or Appendix A.2 of [26]
or Section 5.2 of [71]. Due to similarity, as in Lemma 5.12 of [71], we only provide the key
ingredients. Define the z-dependent parameter

(S.48) U(z) = hn:?;(z) + nln

Recall (S.9). By Lemma S.1.15 and (S.28), we find that

2
(S.49) Z; < %\|G(i)21/2”F<l Immi (2) _ ¢

where in the last step we used (S.29). Together with (S.29) and the first equation of (S.9), we
conclude that

- &
(5.50) "= D T G (2) 4 OS]

For mq (z), recall (S.14). According to the definition of m1(z) in (S.24), we have that

S.51)  ma(z) = ltr( !

1 1
— tr(RlZ) + — tI‘(RQE).
n n n

Ms

Z:1,Zl~¥—mz )

Similarly, for mg(z) in (6.1), we have that

1 1< 1 1 1
(8.52) mo(z) = —tr(G(z)) = —- ———— + —tr(Ry) + —tr(Ro).
Q(e) = iGN == 30 o () + ()

On the one hand, when 7 =< 1, by a discussion similar to (5.45) of [71] , we find that

(I + mg)E)_l || < co. Then using (S.49), by a discussion similar to the equations between
(S.15) and (S.21), we find that

p

1 oF) 1 gZ’Q\IJ
(S.53) ml(z)——nzz(lﬂnm+O<<n;z(1+§§m1(z)+0<(\ﬂ>)>'

Similarly, we have

Y S A i
me(2) = Pzz(lerz(z)Uz‘)+O<<Pzi:z(1+§?ml(z)+O<(q/)>>'

i=1
On the other hand, denote = := {|G;j(2) + 0;j(2(1 + m1,(2)€3)) 7L + |ma(z) —
man(z)| < (logn)~'}. When restricted on =, by Assumption S.1.1, we also have that
(I + mg )E) | < co. By an analogous argument, we find that (S.53) also holds true. By
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an argument similar to (S.29) using Lemma S.1.13, we have that for ¢ # j, 1(n > 1)G;; <
v, 1(E)Q,~j <.
The above arguments show that the counterparts of Lemmas 5.9 and 5.10 of [71] hold.
Therefore, by the same arguments as in Lemma 5.12 of [71], we can conclude the proof.
O

Next we provide some useful controls whose proofs and results will be used in the proof of
Lemmas S.2.5 and S.2.6. The results and arguments are analogous to Lemma 5.4 of [56]. We
only point out the key ingredients in our proof and refer the readers to [56] for more details.

LEMMA S.2.8. Suppose the assumptions of Theorem S.1.9 hold. Then we have that on )
and for all z = E + iny € D),
1

1
Immi(z) < —, Immo(z) < —.
() < o Tmmgle) <

PROOF. Due to similarity, we focus our proof on Immg(z). We prove by contradiction.
Given some € > 0, conditional on €2, for some sufficiently small constants 0 < ¢y, ¢y < 1, we
first introduce a probability event =; = Z1(¢) so that the followings holds:

1. For z € D},
mQ(2) = ma(2)| + [m1(2) = min(2)] + [ma(2) = man(2)] < () 74,
2. For z € D} and Z; in (S.9),
max Z; < n®w.
7
According to Proposition S.2.7 and (S.49), we find that there exists some large constant
D>0sothat P(Z1)=1— n~L. In what follows, we restrict ourselves on =; so that the

discussions are purely deterministic.
Assuming that

1
Immg(z) >n‘—.
nno
We then conclude from the definition of W in (S.48) that
(S.54) U =o(Immi(z)).

Moreover, by (S.19) and (S.20), we readily see that Imm,(z) < Imm(z). This implies
that for some constant C' > 0

1
(5.55) |min(2) —mi(2)| > | Immy, — Immq| > C’neﬂ.
0

On the other hand, by Proposition S.2.7 and Assumption S.1.1, we see that (S.53) still
holds. Together with my,, in (6.2), using (S.9), we find that

p o Z & (min—m1)+£20(n2°¥)
1 n =g (14&min)(1+&mi+0(n 2 V)
i m= 3
n

; & ; &
i-1 (2= 5 Zj Hgfijmm)(z - Zj 1+f]2m1+30(nC2€\11))

(S8.56) = Cl(mln — ml) + Co + O(TLC26\I/),

+ O(n*w)
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where Cq, Cy are defined as

o? &
Cl L l a n Zj (1+§]2-m1")(1+§y2.m1+O(n026\11))
o ; 3 : e ;
i=1 (2= T 2 et ) (2 — 5 2 Temromen)
o2 £20(ne2<w)
e .1 Zp: W 2 ) (1 &m0 0))
9= — . L
n i éj i 5_7‘
i=1 (Z - % Zj 1+§?m1n, )(Z - % Zj 1+§§m1+o(nc26\y))

We first control Cs. It is easy to see that m1 ~ 1 by contradiction. If m; < 1, one can observe
from (S.50) that ma ~ 1 which yields m; < 1 by (S.53). If m; > 1, we have mo < 1 from
(S.50), and then it gives that m; =< 1 by (S5.53). Similarly, we can show that mg =< 1. Together
with Proposition S.2.7, we find that my,, ma, =< 1. Since z < 1, using the definition of my,
in (6.2) and Proposition S.2.7, we find that

ijO(TLQG\I/) . O(nc2€\p)

1
n ; (1+&man) (1 + szml + O(necl))

Moreover, by Proposition S.2.7, (S.46) and Assumption S.1.1, we find that

1 1
n;( = e =1.

Z % Z] 1+§]2'7m1n )(Z o % Z] 1+§J2m1+0(nL2€\I/))

This yields that
(S.57) Co =0O(n*cW).

For Cy, using Proposition S.2.7 and Assumption S.1.1, by an argument similar to (S.42),
we can conclude that when n is sufficiently large, for some constant 0 < ¢ < 1,

(S.58) C: <
Combining (S.56), (S.57) and (S.58), we conclude that
|mi, —my| = O(n®w),

which contradicts (S.55) since c < 1 is sufficiently small. This completes our proof for each
fixed z. For uniformity in 2z, we can follow a standard lattice argument as discussed below
(S.47). This finishes the proof. The discussion for m¢ follows from an analogous discussion
with the help of (S.50) and (S.53). O

REMARK S.2.9. Two remarks are in order. First, it is easy to see that repeating the proof
of Lemma S.2.8, we can prove the results for all 7 as specified in (S.6). Second, we remark
that combining (S.49) and Lemma S.2.8, when z = E + iny € D}, we have that conditional
on §)

1
Zi < —.
n1no

Armed with the above discussions and results, following the strategies of Lemmas 5.6 and
5.7 of [56] or [52], we prove Lemmas S.2.5 and S.2.6 using similar arguments as in Lemma
S.2.8. Due to similarity, we only provide the key ingredients.
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Proof of Lemmas S.2.5 and S.2.6. Due to similarity, we focus our proof on Lemma S.2.5
and briefly mention that of Lemma S.2.6 in the end. Due to similarity, we only explain
[min(z) —ma(2)].

The proof is similar to that of Lemma S.2.8 and we prove by contradiction. We also
restrict ourselves on the event Z; in Lemma S.2.8. We assume that [my,(z) — mi(z)| >
nﬁ(nno)*l. To see a contraction, in addition to the the arguments of Lemma S.2.8, we need
to provide a finer control for W since in the current proof it depends on 7 instead of 79. Note
that

nCET — \/]Imml —Immln + Immyy,| e e L
nmn
Y ——— +n*—
nmn
o(|m1 —minl),

where in the last step we used (S.18) and the assumption |m1,,(2) — m1(2)| > n¢(nny) ! >
(nn)~! when n~1/2te L g < p~/(@HD+e Replacing n®€W with o(|my — m1y,|) in the
arguments between (S.56) and (S.58), we find that |my, — m1| = o(|m1, — m1|) which is
a contraction. This proves the result for each fixed z. The uniformity follows from the same
lattice argument as mentioned in the end of the proof of Lemma S.2.8.

The proof of Lemma S.2.6 is similar. We also prove by contradiction and assume that
nc(nno) =t < |m1(2) — min(2)|] < nT%(nng)~t. Under this assumption, together with
(S.19) and (S.20), we find that (S.59) still holds true. The rest of the arguments are simi-
lar and we omit the details.

O

APPENDIX S.3: LOCATIONS FOR EXTREME BOOTSTRAPPED EIGENVALUES
AND PROOF OF THE MAIN RESULTS

In this section, we study the first order convergent limits of the largest eigenvalues of @,
i.e., A1(Q). In Section S.3.1, we investigate the case when {¢?} have unbounded support as
in (i) of Assumption 2.2. In Section S.3.2, we study the bounded support case as in (ii) of
Assumption 2.2.

S.3.1. The unbounded support case

In order to quantify the location of A\; = A\1(Q), we need to introduce several auxiliary quan-
tities. Recall 91 defined in (6.5). Similarly, we denote 1J5 by replacing 5(21) with §(22) in (6.5).
Moreover, for d; and the sufficiently small constant € > 0 in (S.4), we denote

(S.1) OF =10y £n~ Y22,

and recall that

(8.2) QM :=Q-yuyy,

where y 1) is the column of Y in (2.1) associated with § (21). Accordingly, we denote the largest

eigenvalue of Q(V) as )\gl) =)\ (Q(l)). Throughout this section, we shall prove Figure S.3 so
that the location of A\ can be quantified with high probability on the event ).
More formally, the main result is summarized in Proposition S.3.1 below.
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A1 is here

A2 A P o7 Y1 wf

FIG S.3. Location of the largest eigenvalue of Q).

PROPOSITION S.3.1.  Suppose Assumptions 2.1, 2.4 and (i) of Assumption 2.2 hold. For
some sufficiently small constant € > 0 and 19% defined in (S.1), condition on the probability
event Q) in Lemma S.1.12, with high probability, we have that

A1 € [97,97].

We now proceed to the proof of Proposition S.3.1 following the structure described in Figure
S.3.

Proof of Proposition S.3.1. In what follows, we restrict the discussion on the probability
event {2 in Lemma S.1.12. By Weyl’s inequality, we have that Ay < )\gl). Moreover, by (S.36),

we see that with high probability )\gl) < . The rest of the proof leaves to prove that the
following two claims:

(8.3) ¥y — 99 =nt/ log ! n,
and for Q) in (S.2) and
(S.4) M) =1+y;6 Wy V) =@M A1~

M (X) changes sign with high probability at 9] and 97 . In fact, for )y, it should satisfy the
following equation with high probability

(S.5) det(MT —yayyfy) — QM) =0= M(\) =0,
as long as A\; > )\gl). On the other hand, if M (\) changes sign at 19%[, by continuity, there

must at least be an eigenvalue of @ in the interval [97,97]. If (S.3) holds, combining the
above arguments, we see that the only possibility is A; and it is also true that A\; > )\(1)
We first justify (S.3). Recall that 1J; is defined in (6.5) according to

14 (5(21) + dl)mln(ﬂﬂ =0.

Together with (S.2) and (S.3), we readily obtain that

p
1 o;
S.6 1=—
(5.6) n Z %o oLy )
=g rd J=1 &) +di =&

Recall (S.9). Using the definition of d; and (S.25), we see that on (2, for some constant C' > 0

fz": G 1w 1y %
- 2 _ 2
T =&y ndi niE +di— &
Cnfl 1 &
S.7) _ Ontlogn 13- )
oon n = &) +di - &y

< Cnflogn n Clogn _ Ce.

n nl/a
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Recall the definition of ¢ in Theorem 3.1, the above arguments imply that on 2
41

(S.8) ———— =+ 0(e).
Moreover, after some calculation from (S.6), one has
21 + dl €(23') 2
D —p= . Z oi o g T0E)
SO n = &y~ &)

Then by Assumption 2.2, we can obtain that

1< & Ee?

gZﬁz £§+O(€2)-

j=2>(2)  >0) 1)

Therefore, we conclude a enhanced form for (S.8) that
(S.9) 01 =@ x (Ef) + d1) + EE? x Za +0(e

By an analogous argument, we have that for some constants C > 0,k = 1,2, 3,

n

l(z g(Qj) Zn: E(23‘) )
N\ &)+ & S Hd - &

]—

_L (5?1) Y 5(2].) ¥ 0 )
n\d & +di - & i — &

j=2 j=2 ()
—Ce-Ly" ) ‘25?29 2
n =5 €y + i = €5) (€ + i~ €5)
1N 30

- 0267

and on the other hand

n 2 n 2
l(z 30 Z 30 )
2 2
N\ &y T &) ) Tdi— &
1 /&0 f?j) &)
< (57w +) o ;
( dy Sy +h =& Sy +di- 5(3'))

7j=2

< Cse.

Using the above control, the definition of 92 and a discussion similar to (S.8), we can prove
that

Vo

(S.10) ———— = ¢5 + O(e).
5(22) + dl ( )
Combining (S.8) and (S.10), we immediately see that
(S.11) ho O =O(e).

5(21) +d1 5(22) +d1
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This implies that

2
V1 Iy §(l)+d1
V1 — Vo= (2, +d — + 09— —1
1= 92 =80 1)(5(21)+d1 5(22)+d1) 2(5(22)+d1 >
W W 0
2 1 2 2 2 2
= (& +d — + -
&y ”(§U+d1 ﬁn+m) 2, a0 o)

> n?*log ' n,

where in the third step we used (S.11), (S.25) and the definition of es in (S.9). This completes
the proof of (S.3).
Next, we will show that

M(97) <0, M(¥7)>0.
Due to similarity, in what follows, we focus on the first inequality. Note that
1)/ q— 1), q—
YiGH 07y = €y uis' 260 (07) 5 Py,

Moreover, recall that m{" (97) = n=1tz(3/2G{" (97)S1/2). Then according to Lemma
S.1.15, we have that

D) ] & )
yiG (07 )y1 = &ymi” (07) + 0« (S 161 (7)1 )
0
nl/2+1/a >’
(1)

where in the second step we used (S.3) and the fact 2 > A\ ’. Moreover, for some sufficiently
small constant g > 0 and zg = 9] + in~Y 2= we can decompose that

(S.12) =& m{Y(97) + 04 (

m07) = [P 1) = m(z20)] + [m{ (z0) = m{)) (20)| + [m{)) (20) = ) 97)] +m
(S.13)
=Py + Py + Py ml) (97).

First, by Theorem S.1.8, we have that Py < n~1/2-2/a Second, let {Vz(l)} be the eigenvectors
of QM) associated with the eigenvalues {Agl)}, then we have that

IPy| < li|TV(1)|2 1 3 1
=t )‘1(1) — 0y )‘51) X0

in71/2760

WY — o)A — )

)

1 |
= TP
=1

1 p 1 in—1/2—eo +0 (n—Z/a—l/Q 10g2 n)
SEZ‘TVZ()‘Q‘ 0 ‘
i=1 A7 — 20[?

< Im(m{ (z0)) x O(n~127) <=1V,
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where in the third step we used (S.3) and the fact ¥y > )\gl) and in the last step we used
Lemma S.1.2, (S.8) and (S.25). Third, according to Lemma 6.2, we can decompose that

1< o; oF)
P3:n2_z(1+mzﬁ 30 )_Z_ (142 Z () )
=TT e 2=2 T (m Y (0)€2,) = =2 Zo; (1rm (9,62, )

1p o; 1p a; ]

= [7 2 - 2
n—_ ai \\"n () n 4 _ g N\ &6
=1 Zo(l + n E]’:Q 7Z0(1+m§;?(zo)§(2j))) =1 20(1 + n Zj:Z 719?(14»77’7,%2(19?)6(23)))

iy Iy |
N 1+ oy &) ) M o (1Y &) )
= n A= oy (L) (97)€) =t I=2 07 (L4mi,) (97)€2)

=M + M.
Note that according to (S.8), (S.3), (S5.25) and Lemma S.1.2, we conclude that with high
probability |1 + aimgz) (z0), |1+ Uimgl) (97)| ~ 1. For Méll), using the definitions in (6.2)
and the above bounds, we have that with high probability

1& o2
M) == : (mi) (97) —mb) ()
. n;—zoammzn(>><1+azm§2w1>> me

ENUE . 0 &6
—O(jz ) x j - j
’ TL; <_ (1+£ mln (191_)) —2(1‘1‘5(2])7’”%3(20)))
1 n 62' 62'
(l2o| 1) x = < () - () - )
i vy (1 —|—§ ) (¥7)) vy (1 —i—f )M (20))
1 o 5 £
(|20] byx = (4) " _ () " )
nj:2 (1+£ mln (Z)) (1+£ mln (ZO))
n 4 (1) (1) 9 n 2 29* _
:O(‘Zorl) % l 5 (mln (ZO) mln( 1 )) o —|—O(‘Zo|71) v lz é(j ( )
nim Y (1 +§ mln (79 ¢! +§ )y, (20)) i 20y (1 +f mln (ZO))
(S.14)

— o(1) x (m$)(z0) = m{(97)) + O(n=2 - 1/20),

where in the second to last step we used Lemma S.1.2 and in the last step we used Lemma
S.1.2 and (S.25). This implies with high probability

Mi(%ll) =0 <n72/a71/2760) )
Similarly, for /\/l32 , we have that

1 1 P oi(z0 —V7)
My =— Z (11)
(S.15) 5 2007 (L+oimy,, (97))

_ O(n—Q/oz—l/Q—eo)‘

Combining the above arguments, we have that P; = O (n_2/ a=1/ 2_60) .
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Inserting the bounds of Py, 1 < k < 3 into (S.13), we conclude that
1) (q— 1) (q— —1/a—1/2—
mi? (97) = m{) )] < n e,

Together with (S.12) and (S.25), it yields that

(S.16) MW7) =1+ (€4 +di)mi)) (07) + O (n~V/27).
In what follows, we study 1 + (5(21) + dl)m&) (97 ). We rewrite that
(S.17) 1 1
L (&) + d)miy) (97) = 1+ () + di)mi) (91) = (& + do) (i) (91) = miy) (97).

Using the definition for ¢, that 1 + ( T dy)mip,(91) = 0 and the definitions in (6.2), by a
discussion similar to (S.14), we have that for some constant C' > 0

1+ (€4 + dy)mi) (01)

=1+ (&) + d)man(01) + (& + di) (ml) (91) — man (1))

1 p
&y +d)=>

o)
i1 ( 191 1—1—0,m§3(19 )) —191(1+02-m2n(191))>

n
(S. 18) ) 2
o; (1)
‘|‘d - n 1) — n v
KEA PP s 1Mm;zwl))(l+aim2n(z91>>] ) ()
SGORKDINTS SN TR S/ B
= o n] . 191(1+£ mln(ﬂl)) ’I’L] 191(1"’_5( mln(ﬁl))

(5(21) + dl)
o S —
9
where in the last step we again used (S.25). This yields that
(5(21) + dl)
a1

&) Imiy) (01) — man (91)] +n 7"

(&) + da) (mS) (01) — man (1)) < C x &) [m{y) (91) = man (91)] +n7",
(1) (2)

which implies that (5(21) + dl)(mgn) (91) — min(91)) = O(n~1). Together with (S.17), we
have

(S19) 14 (&4 +di)mil) (97) = —(€3) + di) (mi)) (91) —m{D) (97)) +O(n~ 1),

Recall that we have proved the facts that 91,7 > /\gl), by Theorem S.1.9 and the mono-

tonicity of mgl) outside the bulk, the first term on the right-hand side of (S.19) is negative. In

order to show M (Y] ) < 0, in light of (S.16), it suffices to show that its magnitude is much
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larger than O(n~1/2~%). To see this, we decompose that

mﬂwn—mﬂwn

1 P a;
*Z 1>(ﬁ1))_n; - )

=1 _191 1+ O-lan _7’91 (1 + OiMyy, (191 ))

-[i2 ) |
- n i n 5(21') B _ g(J)
it V1452 fﬂ1<1+sfj)m§a?<m) =1 (S Y e, o)

my,

1 o; 1 P o;
+ [ﬁz g; n 6(2]) B EZ g(J) }

=1 _791(1 + n Zj:Z 7ﬁ1(1+5(1)m§13(191 ))) =1 791 (1 + Z] =2 _ 1+£(1)m§13(191 )))

~ (1 ~ (1
= Mgl) + M§2)-

Similar to the discussion of (S.14), we have that /\;lgll),

2( 15 & _1 & )
M(l) B 1 P Ji (n Z 191(1+£2 )mgln) )) n Zj:Q 7191 1+§( )m(l)(ﬁl))
1 — v 2 ) &
n i J i J
=1 _191(1 + % Zj=2 _191(1_’_52(_ )711(1)(791)))(1 + % Zj:2 —9, (1+£( ()) (1)(191—)))

- Q(i) % lzn: ?J)(mgn)wl) m{) (97))
IS o1 gm0 )L+ m)01)

=o(1) x (m{)(91) —m{y) (07)).

Moreover, similar to (S.15), for /\;1512) we have that with high probability

. 1 i oi(Vh —97)
5(21) (J)
=L 5 ) s —O1 (148, mi,) (97 DL ¥ i O (148, may) (97 )

= M = n_l/z_l/a"’_e'
V]
This implies that
miy (1) = m{) () = p /A et
Together with (S.19), the definition of dy and (S.25), we readily see that

(S.20) L+ (€8 + do)mi)) (97) = —n~1/2¥e,

In

which concludes the proof of M (¥ ) < 0 when n is sufficiently large. Similarly, we can
prove that M (19+) > (. This completes the proof.
O

S.3.2. The bounded support case

In this section, we study the first order convergence of A; under the assumptions of part (1) of
Theorem 3.3. The other parts will be discussed in Section S.4. The main result of this section
can be summarized in the following proposition.
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PROPOSITION S.3.2. Suppose the assumptions of part (1) of Theorem 3.3 hold, then
conditional on the probability event as in Lemma S.1.5, we have that

~ 2
= 1-gsl = | 1 n* logn
e (L+ b =Or nl/(d+1) \ p=1/(d+1)+1/2 + nt/(d+1) ) |-

S4 lf(Zl)
The proof of Proposition S.3.2 relies crucially on the following lemma whose justification
will be provided in the end of this section.

LEMMA S.3.3.  Suppose the assumptions of Proposition S.3.2 hold. Recall Fy defined in
(6.7). Conditional on the probability event ) as in Lemma S.1.5, we have that

(S:21) M:%+%Qﬂm%%
and
1
(S.22) Remin( A +ing) = ——— + OP(n—1/2+3Ed,).

2
(1)

Armed with Lemma S.3.3, we proceed to the proof of Proposition S.3.2.

Proof of Proposition S.3.2. Recall (S.13), we have that conditional on (2, mln(i—i-) =
-1 Together with (S.16), we conclude that

Remin(Ly +in~1/27¢) = — |71 4 O(n~1/27¢),
Moreover, according to the definition in (6.7), we have that
Remy, (Eqy +in~1/27¢) = —5(21).

By (S.27), we obtain that conditional on €2

-~ 1
Remin(Ly +in"/?7¢) = Remy, (Eo +in /?7%) + O < 0dg+711> ,
n

which implies that E+ = Ey + O(logn/n®*1). Let = be the probability event that (S.21)
holds. We therefore conclude from (S.15) that when restricted on = and n is sufficiently
large, A1 + ing € Dy. Consequently, by part I of Lemma S.1.5, we find the following holds
on =
(5.23) 3 N _
mln(L+) — mln()\l + ino) = m (L+ — A1 — i?]o) + 0O ((10g n) (n—l/(d+1))mln{d,2}> .
Again by mln(f+) = —[~!, Together with the second part of Lemma S.3.3, considering the
real parts of both sides of (S.23), we obtain that on =

=1 -2 —1/243eay _ S4 T —1/(d+1)\min{d,2}
I €2+ Opln >(L¢%KL,AQ+0@%mm yuinta2t).
This completes our proof.

O

The rest of this section leaves to the proof of Lemma S.3.3. We first prove the following
lemma which will be used in the proof of Lemma S.3.3. It essentially locates the points in
Dj for which Immg(2) > no near the edge. It is a counterpart of [56, Lemmas 5.12, 5.13
and 5.15] and [52, Lemmas 5.13, 5.14 and 5.16]. Due to similarity, we only sketch the key
points of the proof. Recall zy defined in (6.7).
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LEMMA S.3.4. Suppose the assumptions of Lemma S.3.3, we have that the followings
holds with high probability

(1). Forany z = E + ing € D} satisfying that |z — zg| = n~1/>+3¢,

(S.24) Immy(2) <10, Immg(z) <no.
(2). For mgl) (z) and mg) (2) defined around (S.8), we have that for all z = E + ing € D},
(S.25) Im mgl)(z) =1, Im mS)(z) = 19.

(3). There exists some E| € R such that for z), = E} + ing, the followings holds simultane-
ously

(5.26) |2 — 20| <n Y23 and Tmm(2)) > no.

PROOF. Due to similarity, we focus our discussion on m;(z) and will explain the minor
differences for m¢(z) from line to line. Recall (S.9). Our proof relies on the following fluc-
tuation average which provides a stronger control on ! > | Z; than the one in Remark
S.2.9. They are counterparts of Lemmas 5.8 and 5.9 and Corollary 5.10 of [56]. We deter its
proof to Appendix S.6.3.

LEMMA S.3.5. Suppose the assumptions of Lemma S.3.4 hold, we have that the follow-
ings holds on )

(1). Foralli+#1 and all z= E + ing € D}, we have that

1 i i i _
20 Jma—mi| < e — )|+ ) — ) < e
0
(2). Forall z € D},
L5 g4 L5 0] vt
n 4 ’ n ¢ '
=2 =2
(3). Forall z € Dj,
1 - (E+¢&H7; V25 G )2
0 2 [T+ Emun()P

Armed with Lemma S.3.5, we proceed to finish our proof. The proof of part (1) is similar
to that of (S.20) by using the local law Theorem S.1.9. We only provide the key arguments.
Using (S.51), (S.49), and (S.50), we see that

1 o; 1 1
my=—— Z . e + —tr(R1X) + — tr(ReX).
N ;- oy j n n
i=1 n j=1 1+§J2-m1+Zj
According to Theorem S.1.9, by a discussion similar to (S.53) using Remark S.2.9, we have
that

» n & Imm,+£21m Z;
1 aino 2 =1 T+E2m,+2,?
Immy(z) = EZ J— [z EZ o e
‘ _ g __Si L
=1 ’Z n Zj:l 1+§j2'm1n+Zj‘ i=1 ‘Z ZJ 1+&min+2Z; |
(S.28) )

Z \1+§2m1n+Z |2 (m?o)2

:=R; + Ry + Rj3.
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Together with Assumption S.1.1, (S5.27) and Remark S.2.9, we find that for some small con-
stant ¢ > 0, when n is sufficiently large,

n 2
g; j ’
S.29 Z— — >c.
(5.29) n ;1+§]2.m1n(z)+Zj
This implies that
(830) R1 =1"N0-

For Ry, on the one hand, by Theorem S.1.9 and (S.45), we can conclude that there exists
some constant 0 < ¢’ < 1,

64
] T I+Emin+2Z;)? ’
— <c <1
Z 2= 2 e |?
i=1 J 1+§2m1n+Z

Moreover, as |z — zp| > n~'/2%3¢  according to (S.17) and Remark S.2.9, we find that 1 +
§J2-m1n(z) +7Z; > Cn~1/2+3¢ for some constant C' > 0. Together with (S.29) and (3) of
Lemma S.3.5, we find that with high probability

{ Im Z;
J 1 |1+£ mln-‘rZ \
Ly
=1 2= T2 i+ mm+Z

Consequently, we have that with high probability
(S.31) Ry = ¢ Immy + o(no).

Similarly, we can prove that with high probability R3 = o(n)). Together with (S.30), (S.31)
and (S.28), we can conclude the prove of m;(z). The discussion for m(z) is similar except
we need to use (S.50) and (S.52).

The proof of part (2) is similar to that of part (1) using Lemma S.3.5, Theorem S.1.9 and
Remark S.2.9. The idea is analogous to the proof of Lemma 5.13 of [56] or Lemma 5.14 of
[52]. We omit further details.

Finally, for part (3), we find from Lemma S.1.15, (S.25) and (S.28) that for some small
constant € < €4/2, with high probability,

(S.32) | Zy| <1/
Without loss of generality, we assume that 5% > 53 > > 5%. On the one hand, by the

definition of ms(z) and (S.9), we have

n

mg = 7§%g11 + 1 Z 522
n N 21+ 5i2m§l) +Z;)

Together with Lemma S.1.13, we see that
1
(S.33) —z(1+ §1m1 + 7Z1).
51 911

Denote

2 = 2g /23,
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Recall (6.7) that 1 + £2 Remy,(Ey + ing) = 0. Using Theorem S.1.9, (S.29) and (S.17),
together with (S.25) and Remark S.2.9, we conclude that for some constant C' > 0

2% > C«nfl/2+3647 and % < _Cn71/2+36d.

§1G11 (20 ) §1G11(%)
Consequently, by continuity, we find that there exists z;1 = Ey + ing with Ey € (Ey —
n~1/243¢a o 4 n~1/2+3€) that Re G11(21) = 0. For the choice of 21, together with (S.33),
we find that

1
(S.34) | Tm(21€7G11(21))| = @ >nl/2mcal?,
| Immy ' (21) +1Im Z; |

where we used (S.32) with the assumption € < €¢;4/2 and (S.25). On the other hand, following
lines of the proof of [56, Lemma 5.15], by a decomposition similar to (S.21) and a discussion
similar to (S.28), using Lemma S.3.5, we find that

Im(flegll(zl))_

n

Immy(z1) =<no+
Together with (S.34), we conclude that
Imml(zl) > 0.

The discussion for m is similar and we omit the details. This completes our proof.
O

Finally, armed with Lemma S.3.4, we proceed to the proof of Lemma S.3.3. Since the
details are similar to those of Proposition 4.6 of [56] or Proposition 4.7 of [52], we only
provide the key ingredients.

Proof of Lemma S.3.3. We first prove (S.21). Using the spectral decomposition of (), for
mq(z) in (6.1), we find that

n

. 1 70
S.35 I ) =— —_—

This yields that
Immg (A +ing) > (nno)fl > 1o,

where we used the definition of 79 in (6.7). It is clear that A\; = Op(1). First, if \; € Dj,
then the proof follows directly from (S.24). Second, if A\; ¢ D}, on the other hand, for the
upper bound, by (3) of Lemma S.3.4 and (S.19), using the definition of Dj in (S.12), with an
argument similar to Proposition 4.7 of [56], we have that on 2, \; < Ey + n~1/2+3€ polds
with 1 — o(1) probability. On the other hand, for the lower bound, we prove by contradiction.
We assume that \; < Fy(1) — n~/2+3¢_ Then we see from (S.35) that Immg(F + i)
is a decreasing function of E on the interval (Ey — n~1/2+3¢ By 4 n_1/2+36d). How-
ever, from Lemma S.3.4 and its proof (recall that z; = Ey — n~'/2¥3¢)  we have seen
that, Immgq(20) > 1o, Immg(2; ) ~ no, which is a contradiction. It implies that \; >
Ey(1) — n~1/2+3¢ and completes the proof of (S.21).
Then we prove (S.22). By (S.17), (S.19) and (S.20), we find that
1

Re mln()\l + iT]Q) = Re mln(Zo) + O]}D(?’Lil/2+3ed) = _fT + Op(n71/2+36d),
(1)

where in the last step we used (6.7). This completes our proof. O
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APPENDIX S.4: PROOF OF THE RESULTS OF SECTION 3

In this section, we prove Theorems 3.1 and 3.3 using the results in Sections S.3.1 and
S.3.2.
S.4.1. Proof of the results in Section 3.1

Proof of Theorem 3.1. For the first part, according to (S.8), by Lemma S.1.12, when n is
sufficiently large,

01 = (&0 + da) (951 + Op(e)) .
Together with Proposition S.3.1, we find that

M\ = (€% +d1) (61 + Op(e)) + Op (n—1/2+2€d1) .

Using (S.25) and (S.26) and the definition of d; in (S.4), we can complete the proof for the

first part.
For the second part, it follows directly from the results in Lemma S.1.16, (S.25) and (S.26).
This completes our proof. O

S.4.2. Proof of the results in Section 3.2

Proof of Theorem 3.3. Due to similarity, we focus our discussion on the separable co-
variance i.i.d. data as in case (2) of Assumption 2.1. For part (1), (3.6) has been proved in (II)
of Lemma S.1.5. For (3.7), the proofs follow from Proposition S.3.2, II of Lemma S.1.5 with
the fact d > 1 and (S.27). Then (3.8) follows from (3.7) and Lemma S.1.16.

Then we proceed to the proof of parts (2) and (3) Following [27, Lemma 2.5], we see that
conditional on € in Lemma S.1.12, (L, m1, (L)) should satisfy the following systems of
equations

4

(S.1)

1< : 1<
mlnL+ EZ 3 ’ 1252

i1 — L4+ G Z]W i=1

n Zﬂ [14+€2ma,. (L1) 2

62
L+ o ZJ 1+§2m1n(L+)

Similarly, (L, m1y,,(L4)) should satisfy the following equations

STREESS ity )

1n, +)= = ) = - .
n,c n 4 —Ly+o; [ 1+Sm1i C(L”dF(s) Ly —o; [ SEwTre— ) C(L+)dF(S)‘2
Using the definitions of s and 5,1 < k < 3, by (S.27) and an argument 51m11ar to II of

Lemma S.1.5, when n is sufficiently large, we see that our assumption ¢! < s3 implies
¢~ <353 on Q. This yields that for some constant § > 0

1 o »251

(S.3) — >1+9, — —t——=>144
Z L+ — 05 52) n zl: (Lt — 0is2)?

where the first inequality is restricted on the event 2. From now on, for notional simplicity,

we always restrict ourselves on {2 so that the discussion is purely deterministic. Recall (3.5)

and (S.10). Combining the second equations in (S.1) and (S.2) with (S.3), we readily obtain

that

(S.4) min(Ly) > =171 mipe(Ly)>—17"
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Together with (S.27), we have that for all 1 < j < n and some constant §’ > 0
1 , 1
=0,

15 Emn(a)] T oL

(S.5) > ¢ forany 0 < s <.

We now proceed to the proof. The proof consists of two steps. In the first step, we prove the
results assuming that

(S.6) )mm,c(lur) — mln(i+)’ — Op(n~V2), |Ly — Ly| = Op(n~"/?).

In the second step, we justify (S.6). We start with step one.

Step one: Under the assumption S.6, the key component of the proof is the following lemma.
Denote

:\H

p
i
R Py ——

and

1 o & s
r=g Z (1 +§]2.min,c(L+) a / 1+ smln,C(L+)dF(s))‘

7j=1
According to Assumption S.1.1, we have that

C1X1.

LEMMA S.4.1. Under the assumptions of Theorem 3.3 and (S.6), we have that
Cl(L+ —L+) Cl-X‘i‘OP( )

Armed with Lemma S.4.1, we can easily prove parts (2) and (3). Recall the definition of v
in (3.5). It is clear from (S.27) X = Op(n_l/ 2), and from central limit theorem that X is
asymptotically Gaussian with variance n~!v. We decompose that

M—Ly=M—L,+Ly—L,.

According to [24, 28] and Lemma S.1.5, we find that on Q, [A\; — L;| < n~%/3 and
n?/ 3y — E+) follows type-1 Tracy-Widom law. This concludes the general results in part
(3). Moreover, for part (2), it is easy to see that when d > 1, by Cauchy-Schwarz inequality,
v is bounded from blow so that the Gaussian part dominates the Tracy-Widom part and we
hence conclude the proof.

To complete Step one, we now prove Lemma S.4.1.

Proof of Lemma S.4.1. Using the first parts in equations (S.1) and (S.2), we see that

(ST mine(Ly) —min(Ly)

o 1 o
72 1 52 - _gZL : 7 512

[
L3 gy T b S S e

&
mh@amﬂﬂ”>+%2nﬁ%mﬁﬁ

i 5? S
w2 Teme ) — o) T 4 (5)

*Z
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_ l Z oi(Ly — Z+)
T gi £72 e} 5?
"L = X ey I R e )

L Z (X} 52 - _gzi : g £J2

a
L+—*ng i +_Z2jm

s &
+ l Z Ti f 1+5m1n,c(L+)dF( ) Z] 1+f Min,c(Ly)
o & ,
i + T n Z] 1+§2m1n (Ly) )(L — i f 1+Sm1n,c(L+)dF(S))

_ 1 Z oi(Ly — L+)
- T gi £72 [} 5?
Ly = %2 mem o) I+ — 5 2 Temen )

_oly _ Glmunly)mne(Ly))
I (L4gman (L)) (14€3min,o(L4))

1
+EZ gi

& T _ o &
) + - Z] 1+£2m1 (L+))(L n Z] 1+§72'm1n,c(L+))

1
+nzz:(L+

s os 3
—0i | T ) + 5 Y THmno (L)
& s
Z] 1+f2m1 L(L+))(L+ O—if 1+Sm1n,u(L+)dF(s))

(S8.8) =T1+ T+ Ts.
For the term T1, by (S.6), Assumption S.1.1 and (S.27), we can see that
(S.9) T1=Ci(Ly — Ly) +Op(nh).

For the term T, we see that

_oi Z &l (man(Ly)=mun,e(Ly))
T, 1 J Areman(L) (4 Emn o (L1))
3

T 2 maey
1 (5% <1+g2mm(ﬁ))ﬁ’héﬁmm,c(u)) ) min(Ly) = mine(Ly))?
R A N IR DR )
. 7%-2 ; 3 (mm(h)—min,a(h)) a2 Z g (man (L) —man e (Ly))?
_ 1 " (1+§§mmgL+)>2 n 1 Z AJ (1+52mm(L+))2(1+£2mm (L))
B DV i A %% memn)’
(S.10)
+ 1 (%5 <1+s_?m1n(Z+>>E<fi+s_?m1n,c(L+>) ) (min(Ly) = mine(L4))
T -2 ey T - 2 Y mee

—(min(L4) = mine(Ly)) + Op(n),

where in the last step we used the second equation of (S.1) for the first term of (S.10), and
(S.6), Theorem S.1.9, (S.27) and Assumption S.1.1 for the second and third terms. Similarly,
for T3, we have that

(S.11) T3=C X 4 Op(n ).
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Insert (S.9), (S.10) and (S.11) into (S.7), we can conclude the proof. ]

Then we prove (S.6) to complete step two and the proof of the theorem.

Step two: To prove (S.6), we first rewrite (S.1) and (S.2) a little bit. Recall (S.3). We find that
(S.1) can be rewritten as

~

Fo(min(Ly), L) =0,

where we denote

1< -
(5.12) Fulz,y) =~ e
n g5 n J
i=1 —Y+ Zj:l 1282

Similarly, (S.2) can be rewritten as

OF, ¢

Fn,C(mln,C(L—i-), L,)=0, O

(mln,C(L-&-)a L+) =0,
where we denote

1

Fn,c(may) = E

op)

—y+0i [ 5dF(s)

For pair (Z,7) so that Z > —I~! (recall (S.4)), as long as they satisfy Assumption S.1.1 in the
sense that miny<;<p [§ — 0 [ 1555 dF (s)| = 7, by (S.27), we find that

— .

i

1=

(S.13) oF, OF, OF OF
Fnc ~ o~ _Fn ~ o~ N,C o~ S~y n/~ ~ N,C o~ ~\ LG~ —-1/2 )
Fucte) — Fulo) + | 222500 = G200 + | 20 - 2 0,0)| = 0clo )
Set (z0,y0) = (Min,c(L+), L+). Then we have that
S.14) OF, oF, 0°F,
Fy.c 5 =Y, — ) =Y, — ) ) = )
(0,90) =0 I (20,90) =0, 0< By (z0,90) < 00 B (z0,%0) <0

It suffices to prove the following lemma.

LEMMA S.4.2. There exists a pair (x1,y1) with condition |ry — xo| + |y1 — yo| =
Op(n~'2) such that with probability 1 — o(1)
0F,

1 Fn y =Y,
(5.15) (x1,91)=0 7

(z1,y1) =0.

With Lemma S.4.2, according to (S.1) and Theorem 6.2, we see that (S.6) holds. In the rest,
we prove Lemma S.4.2 using (S.13).

Proof of Lemma S.4.2. For some small € > 0, we consider the probability event = so that
(5.27) holds and (S.13) reads as
(S.16)
- o OF, OF,
|Fn,c($ay)_Fn(‘Tay)’+ — =

— OF,. oF,
oz Y Ox

<o~c,g>’+‘ 5, (@0) — 5 H@5)| =02,

We have seen that P(Z) = 1 —o(1). Now we fix a realization {¢2} € = so that the discussions
below are purely deterministic.
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For the above fixed constant € > 0, we set the region

N(z,y) :={(z,y): |z — 20| + |y — 0| < n—1/2+e}7

To prove the first part of (S.15), it suffices to prove that there exists a solution of F},(x,y) =0
in the region N (z,y). By Bolzano’s theorem, we see that for sufficiently large n, we can find
two points (x11,y11) and (z12,y12) on N (z,y) so that F}, o(z11,y11) <0, Fp c(r12,912) >
0. Together with (S.16), we see that F},(x11,y11) <0, Fy,(x12,y12) > 0. Therefore, by conti-
nuity, we can find some point (z’,%’) so that F},(z’,3) = 0. Repeating the above procedure,
by implicit function theorem, we find that there exists a curve x = x(y) on N (x,y) so that
F,.(z,y) = 0. Similarly, we can show that there exists another curve = = Z(y) on N (Z,7) so
that the second part of (S.15) holds in the sense that 0F,,(z,y)/0z = 0.

In order to show (S.15), we need to prove that the curves (x,y) and (Z,y) must have
at least one intersection in the region N (z,y). We prove by contradiction. Otherwise, the
curve (x,y) will lie in one of the areas separated by (Z,y) with strictly 0F,(z,y)/0x <
0 or OF,(z,y)/0x > 0. By (S.14), we see that N (z,y), OF,(z,y)/dy > 0. Without loss
of generality, we assume 0F,(x,y)/0x < 0. On the one hand, as F,(z,y) = 0, one may
conclude that for small neighbor around the points on (x,y), it holds that dz/dy > 0. On the
other hand, taking the derivative F},(z,y) with respect to y, we obtain that

o? &

o (1210: o 2 g 1) =0
o1 &g o )7

dy i (—y+ WZ;‘ 1+x§f)2

which implies OF),(x,y)/0x = 0 and gives the contradiction. This concludes our proof. [

S.4.3. Proof of the results in Section 3.3
Proof of Corollary 3.6. As calculated by [53, Lemma 1], we have

2 i i —s
P(J¢ 1|>2\/;+2T)§e :

Setting s = log” n for some large constant 7 > 0, we observe that £2 € (1—2log™?nT—1/2, 1+
2log™/?nT~1/2) with high probability. Then, it is free to do truncation of £2 on the
support (1 — 2log™/?nT~Y2,1 + 2log™/? nT~1/2) with negligible error after choosing 7
large. Due to this reason, we regard ¢? has bounded support on (1 — 210g7/ Zpr-12 1 4

2 logT/ Zpr—1/ 2) in the following. Then a direct calculation shows that

1+2log™/2nT—1/2 9 1+2log™/2 nT—1/2 92
/ ( i ) dF(s) ( / i dF(s))
V= -
1—-2log™/2 nT—1/2 1+ Smln,c(L+) 1—2log™/2 nT—1/2 1+ Smln,c(L+)

< (14 2log™2nT=1%)2 — (1 = 2log™ 2 nT=1/%)?

<log™?nT~1/2,

If we set T as some proportion of size 7, then it holds that v = o(n~'/3). On the other hand,
as £2 concentrates tightly around its mean, the system equations (6.2) for each bootstrapped
matrices () will reduce to

1 P o;
— —min(z) =0.
n ; — 1—‘,—7‘:;:n(z) + O(logT/Q nT—l/?) 1 ( )

Comparing this reduced equation with the one in [26], we find that m,,(z) establish the sim-
ilar system equation as covariance matrix S asymptotically. As a consequence, n?/ 3()\1,71 —
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L+) inherits the typical TW limit from the top eigenvalue of S. Then a natural candidate to

estimate L+ is the sample mean of {1 }1<p<p. We write L+ = ZZ | Abi- By strong
law of large number, it is easy to find that

Ly =Ly +0,B7'7).

Since we have set that B = n°/3, it holds that n?/3 x O,(B~'/2) = 0,(1). Using the Slutsky’s
theorem, together with asymptotic TW distribution for n%/3 (), ; — L.), we have n2/ 3(Noa —
E+) has the same TW limit in distribution.

For the unconditional result, as illustrated above, the difference of |E+ — L4 | is much
smaller than O(n~2/3) since v decays sufficiently fast due to our choice of T'. Therefore, the
limiting spectral distribution of each ()}, is essentially dominated by the TW distribution. We

omit further details here.
O

S.4.4. Testing for the non-spiked structure

In this section, we use Corollary 3.6 and Algorithm 1 to test non-spiked structure of a given
covariance matrix. This problem is particularly challenging if the data entails the weak spikes
(comparing to the situation of strong spikes in Section 4). The insights to apply the above
results to generate a feasible algorithm to detect weak spikes lie in that if the data matrix
S exhibits non-spiked structure, its leading eigenvalues are expected to follow the Tracy-
Widom (TW) distribution, with spacings exhibiting fluctuations at the TW scale, n~2/3. This
insight motivates the use of Algorithm 1 to bootstrap the top r eigenvalues of .S for some pre-
given integer r. By leveraging the empirical distributions of r bootstrapped TW eigenvalues
obtained from Algorithm 1, we can construct r confidence intervals. Statistical inference is
then performed by testing whether there exists eigenvalue of S lie outside the nearest boot-
strapped confidence intervals, thereby indicating potential rejection of the null hypothesis.
To be specific, we state a covariance matrix exhibits possibly weak spiked structure if
the leading eigenvalues distract from the bulk eigenvalues beyond the level of Tracy-Widom
fluctuation but still remain a small or bounded region. Within this section, we consider the
sample covariance matrix 5 = 21/2X X*$1/2, where ¥ has the spectral decomposition

p
(S.17) =) Gvv
j=1

We suppose that for fixed constant r > 0, the r largest eigenvalues o1 > g9 > - -+ > 7,,, may
exhibit a significant separation from the remaining eigenvalues 7,1 > --- > o), which are
clustered within a dense interval. To be specific, we assume that for some constant 7 > 1 and
a large value s > 0 (bounded or possibly divergent with some rates of n),

Or—0Opp1>8, T20p120p>7 "
We consider the hypothesis testing problem
(S.18) Hy:r=0 vs H,:r>1.

Based on Algorithm 1 and Corollary 3.6, we can propose the following algorithm to test
(S.18).
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Algorithm 4 Resampling testing for (S.18)

Inputs: Given 1nteger ro > 0, original data S type I error a.
Step One: Plug in S and run Algorithm 1 to bootstrap first leading 7o eigenvalues from S.
Suppose for each 1 < i < r(, we obtain the sequence bootstrapped eigenvalues {\p; } 1<p<B-

Calculate F%;V( ) := BT b 0?3 (N — Lt )) <z} as in Algorithm 1, where
f(i) =pB! Zf 1 Ab,i- For given type I error «, calculate the 1 — o quantile of each

F-l(-z\zv( ), denoted as {z; 1—q }1<i<r,. Construct the intervals

T = [E(j) — n_2/3$i71_a/2, Eﬁ) + n_2/3xz-,1_a/2] foreach 1 <1i < ry.

§tep ’Iwo: Calculate the eigenvalues of the original covariance matrix S and order them in
AL> A2 2> > Ay 20

Step Three: Set a = g, run the following iteration:

if Xa,l € 7, then
Update @ = a — 1 and repeat till.

if There is no eigenvalue Xi,z' < a in the interval Z, then
Record r =a — 1.

else if a = 0 then
Record » = 0.

end

Output: Reject Hy in (S.18) if r > 0.

COROLLARY S.4.3. Suppose the assumptions of Theorem 3.3 and Corollary 3.6 hold.
Under Hy), we have

lim P(r=0)=1.

n—oo

On the other hand, under H,, we have

lim P(r >0)=1.

n—oo

PROOF. The proof mainly bases on Corollary 3.6 for non-spiked eigenvalues. We omit
further details here. O

O]

APPENDIX S.5: PROOF OF THE RESULTS OF SECTION 4

In this section, we prove the results of Section 4.

S.5.1. Proof of the results in Section 4.1

Proof of Theorem 4.1. Recall the bootstrapped sample covariance matrix Q denote Y =
$Y/2X D. Then we write Q := YY* and O := Y*Y'. Since these two matrices have the same
non-zero eigenvalues, we focus on the later one for convenience. For the spiked covariance
matrix model in (2.12), we decompose it as follows

Y=+,
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where we denote the two p X p matrices as
T p
(S.1) Y, = Z&ivivf =AY, ,:= Z ovivi = VoA, Vs
i=1 i=r+1
Consequently, we can decompose Q as follows
Q=DX*SXD=DX*S, XD+ DX*S,XD.
Note that with high probability
IDX*SoX D|| = | D*X*SoX|| < | D2 X*BoX || < &3 [IX X[ ~ €71,

where in the last step we used [70] that || X* X || is bounded from above with high probability.
Using (S.25) and (S.26) as well as Weyl’s inequality, we see that from the assumption of (4.4)
that, for 1 <4 < r,

0

(8.2)

= Op(l).

Then we consider the first few largest eigenvalues of DX *3; X D, or equivalently those of
E;/ZXDQX*E;/Q. By a discussion similar to Lemma D.1 of [27], we find that if A is an
eigenvalues of E;/QXDQX*Zi/Z, recalling (S.1), we have that

(S.3) det(V¥XD?X*V; — A1) =0.
Note that

VIXD*X*Vi =B, = Vi X(D? — B L) X*Vi + BE” x (VX X*Vi — I,),
where I, is a 7 X r identity matrix. For the first term in decomposition, we observe that

Zi(gﬁ? —E2§2)x§1 >i(& Q—ESQ)Qxilg«“iz Zi(&z —Eﬁz)%’lfﬂir
X(D? — EE2L)X* = 26 —E&)zinza 3 o(& —.Ef )T >oi(& —1?5 )TiaTir

SU€ — E)rnn S4(€ — E)rnan - (62— EE)2

By Assumptions 2.1 and 2.2, and notice that 7 is finite, a straightforward calculations indicate
that

X7

IX(D? — E€* 1) X*| = Op(n~'/?).
It follows that
Vi X (D* = BE*L) X*Vi|| = Op(n™'/?).
On the other hand, by Theorem 7.1 of [7], one has
Vi XXV = I || = Op(n™ /).
As a consequence, we conclude that
V¥ X D2X*V; — E€2I,|| = Op(n~1/?),
Together with (S.3), we conclude that for 1 <i < r

Ai(DX*S,XD)

o

(S4)

=E&* + op(1).

Combining (S.2), we obtain the first order result for the limiting property of p;/c;.
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Then we proceed with the second order results for p;. The proof follows from strategies
similar to Theorem 3.3 of [74]. We focus on explaining the main ideas and omit the details.
The core of the proof is to introduce the auxiliary quantities 6;,1 < ¢ < r, where for each
1 <@ < r, 0; satisfies the equation

With the restriction that 0; € [7;, 20;], the existence of uniqueness of ; have been justified in
[15, 74]. Furthermore, under the assumption of (4.4), we can conclude from equation (2.10)
of [15] that

In order to establish the asymptotics of 1;/6;, for notational convenience, we now work with
the rescaled matrix

Q:=DX*SXD, D*:= (E¢®)~'D?,

whose eigenvalues are denoted as A; > Ay > )\{pAn} > 0. Note that p; = E¢2);. By
a discussion similar to (S.3) and (S.12), using (S.1), we find that )\z, 1 <7 < r satisfy the
equation
det(A;' =V XD(\NI — DX*Y,XD)'DX*V;) =0.

Denote B(z) := I — DX*Y,XD and §; = (S\i — 0;)/6;, the above determinant can be
rewritten into
(8.7) 5 § § 5 5

det(0;A;1 — 0,V XDB™1(0;) DX*Vy + 8,02V X DB~ (\,)B~(0;) DX*V;) = 0.
Following the procedure in Section 7.1 of [15] or Lemma C.5 of [74], we find that for 1 <
1,1 < r (recall that Y is assumed to be diagonal)

*Y ok a — - * . - 1 " _
0:e;Vy XDB™ (0,)DX*Viey = 1(1=1)( > x},;& /EE* — - > &/EE +G) +op(n?),

j=1 =1

where (; is a random quantity associated with 6; satisfying

n 52 1
(5-8) Gi= ZJETZ( n9E£2 Z — g1 Jkg) '

]_

Similarly, by a discussion similar to Lemma C.6 of [74], we conclude that
S0 Vi XDB Y (\)B N (0,) DX V1] = 6; x (1(1 =1) + op(1)).

Inserting the above two controls into (S.7), by the assumption of (2.13), using Leibniz’s
formula for determinant, one has that

1 & 0; _
(S.9) (14 o0p(1)) = (EE) Vi X D2 X*v,; — - Zlgf/zw —5 T Ci 4 op(n~1?).
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By a similar argument as in Lemma 3.2 of [74] and notice that §]2~ < 05,1 <j<n,one
has

0; - a
G- 2= S @EE -1+ (0 > T E(E/EE 1)) x (1+0(1))
! j=1 k=r+1 '
p
(S.10) + ((% 3 %)2 x E(£2/E€2 — 1)3) x (1+0(1))
k=r+1 v
p
NEDY %)2 x op(n”?) + op(n~?).
k=r+1 t

Combining the above results, we conclude that,

)\i;‘ "= (B 'ViX D*X*vi — 1+ 6¢/BE* + op(n~'/?),
where
- P
de = BEX (% > 2 XE(§/EE 1)) x (L+0(1) +EE x <(% > ) XE(E/EE-1)) x (1+0(1)),
k=r+1 ° i

is defined as a deterministic correction quantity. By Assumption 2.1 and using central limit
theorem, we can conclude the proof of (4.5).

Finally, we briefly illustrate the proof of (4.6). The argument follows closely from a dis-
cussion similar to the proof of [27, Theorem 3.7], or [50, Theorem 2.7], or [14, Theorem
2.7], or [23, Theorem 3.6]. Due to similarity, we only sketch the proof strategies, provide the
key ingredients and point out the main differences. In fact, our proof will be easier since the
spikes are much larger than the edges and we only consider the first few extremal non-outlier
eigenvalues. As discussed in [27, Appendix D], or [50, Section 6], or [14, Section 4], the
proof consists of the following three steps.

(1). We first find the permissible regions in which contain the eigenvalues of Q with high
probability.

(i1). Then we apply a counting argument to a special case (where all the spikes are well-
separate), and show that the results hold under this special case.

(iii). Finally we use a continuity argument to extend the results in (ii) to the general case
using the gaps in the permissible regions.

In what follows, we choose a realization {£2} € © so that (S.27) holds with 1 —o(1) proba-
bility as in Lemma S.1.12. With this restriction, m1,, and ¥ in (6.5) are purely deterministic.
Recall d; in (S.4) and the € used therein. Due to similarity, we focus on the polynomial decay
setting (2.3). The exponential decay case can be handled similarly.

For Step (i), to find the permissible region, for some large constant C > 0, we denote
the setfor 1 <1<k

(S.11) r;:= {:B € [Ai, 91+ n~ Y224, « dist(z, spec(Q)) > Cn_1/2+2€d1} ,

where spec(Q) stands for the spectrum of ). The results of Step (i) can be summarized as
follows.

LEMMA S.5.1.  There exists some constant C > 0 so that the set U;I'; contains no eigen-
value of Q.
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PROOF. The proof is similar to that of Lemma D.4 of [27] or Lemma 5.4 of [23] and we
only sketch the key points here. Notice that 3 has the same size as ¥, we can decompose that
Y= Y1+ X with 31 = Y= Ui A U{, where we recall that 3 is constructed based on
Y. Here A is an r X r matrix containing the nonzero eigenvalues of 31 and Uj is the p X r
matrix containing the first r associated eigenvectors in RP. Under the assumption of (4.4)
and (2.11), we see that A; is invertible when n is sufficiently large. By a discussion similar
to (S.3), we see that x is an eigenvalue of é but not Q if and only if

(S.12) det(I — AY*Ur XD(aI — DX*SXD) ' DX*TU1AY?) = 0.

Moreover, for z € I';,1 <4 < k and 1) := n~ /2, we define z, = x + in. According to Propo-
sition S.2.1, we have that with high probability

[(DX*SXD — 2,1) " + 27 (I + ma(z) D) 7| = O(n~ /2~ Heote),
On the other hand, we observe that
Uy XD*X*Uy = EBE2I, + op(1).
Using the fact r is finite and the definition of ma,(z) in (6.2), we find that
|2 U X DI + man(22) D?) DX Uy — gy (21| = Op(n™ /2 1/at2¢),

where we used the fact that |z, | < 1 and (S.6). According to a discussion similar to equation
(D.29) of [27] and Lemma S.1.2, we see that for t =1, 2,

mtn(zx) - mtn(l‘) = Im mtn(z) = O(n_1/2_1/a+5)‘

Combining all the above controls, we find that for some constant C' > (

HI — AYV2UrX D(2l — DX*SXD) ' DX*UAY? H = C masx |man (20) 455 ! |+ Op(n ™1/ 1/0%),
o0 BV

Since x € T';, together with Lemma S.1.2, we see that [may, (25) +5j_1] > n~1/2-1/ete This

implies that x is not an eigenvalue of Q and completes the proof. O

As mentioned in the proof of Theorem 2.7 of [14], once Step (i) is done, Steps (ii) and
(iii) are more standard. For Step (ii), together with the interlacing results as in Lemma C.3
of [27], we perform the counting argument to prove (4.6) for a special case assuming o1 >
09 > --- > 0,. The details can be found in Lemma D.5 of [27] or Lemma 5.5 of [23]. For
Step (iii), we use a continuity argument for all possible configurations {c; }1<i<,. The details
can be found in the proof of Theorem 3.7 of [27]. Since most of the arguments can be made
verbatim following lines of the counterparts of [27] or [23] or [14] or [50], we omit further
details. This completes the proof.

O

Proof of Theorem 4.3. The proof follows from strategies similar to Theorem 3.5 of [74].
We focus on explaining the main ideas and omit the details. Before we proceed to the main
step, we need the following results for the limiting behavior of spiked eigenvalues in S.

LEMMA S.5.2.  Under assumptions in Theorem 4.1 with 5, > T. We have for 1 <i <r,
i is closed to ; in the sense that

i

_— = 1 + o0 1 s

5 r(1)
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while [i,+1 = Op(1). Moreover, [i; admits the limiting representation with 6; as

&—1:V2<

7 XX*v; —1+op(1),
i

Jor1 <i<r.

PROOF. Notice that for 1 <7 < r,

6—: =1+k(VVXX*'V, — 1)k, + OP(%),
here k;,1 < ¢ < r, are the standard basis in R". Then, the proof of Lemma S.5.2 is exactly
the same as the one of Lemma 3.4 of [74] or Theorem 2.1 of [15]. We omit further details for

simplicity. 0
The core inputs of the proof of Theorem 4.3 are the results in Theorem 4.1 and Lemma S.5.2,
M
94 — 1= (B3 Wi XD*X*v; — 1 4 6. /EE? 4+ op(n~Y/?)
(2

//'L\i *
i

XX*v; —1+op(n~Y?).

Then, we have
N AN 0 14+ (B WX D?X*v; — 1+ 6. /EE? + op(n~1/?)
wi 0 1+ viXX*v; —1+op(n-1/2)
_ (B 'viX(D? - I)X*v; + 0c/EE’
viXX*v; + op(n~1/2)
= (E€?) v X (D? — I)X*v; + 0 JEE? + (BE2) ™! 4 op(n~/2).

+ (E€2) ™ +op(n~1/2)

It remains to find the limiting distribution of v} X (D? — I) X*v;, which is a standard argu-
ment as in the proof of Theorem 3.5 in [74], using Assumptions 2.1 and 2.2. We omit further

details here.
O

S.5.2. Proof of the results in Section 4.2

Proof of Corollary 4.5. From Algorithm 2, one may easily find from the strong law of
large number that foreach 1 <¢ <7

M; =M; + Op(B~Y?), V; =V, + Op(B~/?).

Then this corollary can be concluded by Theorem 4.3, the Slutsky’s theorem and the choice
of B. O

APPENDIX S.6: PROOF OF SOME AUXILIARY LEMMAS
S.6.1. Preliminary estimates: Proof of Lemmas S.1.2 and S.1.5
S.6.1.1. Proof of Lemma S.1.2

Due to similarity, we only prove the results for the separable covariance i.i.d. data model
when &2 decays polynomially, i.e., when (S.3) and (2.3) hold. The other cases can be proved
analogously and we omit the details.
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Proof. We start with the first statement. We now abbreviate F,,(m1,(2)) = F,(mi,(2), 2)
throughout the proof. For the real part, it suffices to prove that with high probability for some
0<Cy<l<(Cy

po E o E
B2 + 2’ 22 02
Moreover, by continuity and Theorem 6.2, it suffices to prove the following inequalities

(S.2)
Re Fy,(—Co¢a1 E(E?+n%) 1 +ilmmy,(2)) < 0, Re F,(—C1¢51 E(E? +1%) "1 +ilmmi,(z)) > 0.

We only focus on the first part. By definition, we have that
(S.3) ReF,(min(2)) = —Remin(z)

(S.1) Remi,(z) € |—C

giRe(z— 2y S )

_72 J=1 14min(2)€;
. 3 3 '
‘=1 Re? (2= 2370 1W)+Im (z— %200 1W)

Note that
2 2
Re<z_‘fzz§2)_ o fj(1+£j§em41n)2 |
n o 1+ming; n 4 (1+ & Remiy)? + &5 Im* may,
éj-llmmln

or S o
Im (z - — 7j) =n4+ — .
n ; 1 +m1n£]2- " n ; (14 §J2- Remip,)? + S?ImQ mMin

By a discussion similar to (S.7), if Remy, = —C3(¢71 E)/(E? + n?), we have that

Re ( 7 zn: '52) > B(1—o(1)),

1+m1n§2
S.4) . e
o; ;

I ( _a 73) <n+Exo(l).

m|z n;1+mln£]2' <n+E xo(l)
Therefore, together with (S.3), we see that

E 1& o5 x E(1—o(1))
Re F,(—Ca¢a1 E(E? +n*) 71 +il < Copg)——ee — — .
o Fn(=Coga1 E(E™ +07) ™" +iImmin(2)) < 2¢U1(E2+772) n = E?2+ (n+ E xo0(1))?
po1 B

S.5 <(Cy—1+40(1))——— <0,
( ) —( 2 ())(E2+n2)

for sufficient large n. This completes the discussion for the real part. For the complex part,
the idea is similar and it suffices to prove that when z € D,,, for some constants C1,Co > 0

(S.6) Immi,(z) € [01E2¢+ .

ConlRermn, (2]
Equivalently, it suffices to prove that
Im F, (Reman(z) +1Con |Remy,(2)]) <0, Ian<Rem1n( )+ 101 77</5 o1 2> >0,
where by definition
v oiTm(z = % 50y i)

. & : g
i=1 Re? (z — *E? 1W>+Im (2 - %Z;;l 1+m1n£f-)

Im F,(miy, 2) = — Immln—i——
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The proof of the above inequalities is similar to (S.2) using (S.1). We briefly discuss the proof
of the first inequality in which case by a discussion similar to (S.4)
¢o1n(1+ E)
E?2+n2(1+ E x0(1))?
¢po1nE ¢o1n(l + E)
(B2 +n*)  E*(1+n*x0(1))+n*(1+2E xo(1))

Im F,,(m1n, z) =nRemq, +

< -0y <0.
This completes our proof.

For the second statement, from the first statement, we see that it is valid to write m 1, (E).
Since 91 > d; holds with high probability (see (S.6)), it suffices to prove that for some
constants 0 < Cy < 1 < C1, when |E — | < Cdy,

¢ oleg}

(S.7) min(E) € |-C1— Cz

Due to simplicity, we again only focus on the proof of the upper bound. According to Theo-
rem 6.2 and (S.2), we shall have that F,,(m1,(E)) = 0. Moreover, since F,,(m,(91)) =0,
to prove (S.7), it suffices to prove

(S.8) Fo(—Co¢51/E) <0, Fy(—C1¢51/E) > 0.

Due to similarity, we focus our discussion on the first inequality. By definition, we have that

p
Fu(~Catm /) = G2 — =y i
i E-2) 0 1W
PT1 1 P 0;
2027_*2 =

B n S BQ-25) pcs)

By a discussion similar to (S.7), we further have that

oo

0.
E<

_ 91 1o o
S.9 EF,.(-C E)y=Cy— —— ——=(Cy—1 1
This completes the proof of the first statement.
Finally, we prove the third statement using the first two statements. For z € D,,, by defini-
tion, we have that

62
man(z ]Z:; —F — (E+ 177)52(Re Mmin +ilmmyy,)

(S.10)
L€ [( E — &(ERemy, — nImmy,) + i + i€2(EImmy, +nRemy,))

4 (—E = G(ERemun — nImmin))? + (=0 — & (EImmi, +nRemiyp))?

According to the results in the first two statements, the definition of D, in (S.5) and the

elementary relation that |m;,(z)| = O(1), we find that for some constants C7,Cs > 0, when
n is sufficiently large

|(—E — §?(ERem1n —nlImmy,) +in +i§]2-(EImm1n +nRemqy,))| < CLE,
and

(—E— sz(ERemln —nImmiy,))? + (=1 — f?(EImmln +nRemiy))? = Co(E + 5]2‘)2-
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Together with a discussion similar to (S.7), we readily see that for some large constant C' > 0

C.  EE C~ &
(S.11) Imzn(Z)ISn;WSHZ;E_gjz

= O(e2).
Then together with the definition of m,,(z), we see that

1 1 1 1
my(2)| < — _ < — - < =0(ETYH.
)| S 2 T oumana] = el 2 T oafman(] = ol ~ O )

To control the imaginary part, by (S.10), we can write
= §?(n+§]2-(EImm1n—|—nRem1n))

1
Tm migy, (2) = — .
mmzn (2) n ; (—FE — 5]2(E Remi, —nlmmay,))2 + (—n — §J2.(E1mm1n +nRemiy))?

Combining with (S.1) and (S.6), we see that for some constant C' > 0

C < &+ &)
I () < 2 T G000 + 4P  OE)) P 1+ € x O(1) + OET))

PR néj o
(S.12) _O(nj:1 O(E2)> =0(2).

where in the last step we used (S.25). Moreover, using the definition of m,,(z) in (6.2), we
can write

P n+ o;nRemoy + 0y EImmea,

1
I _Z .
m 7 (2) D ZZI (E + o;ERema, — oinImma,)? + (n + oinRemay, + 0 E Tmmag, )?

Together with (S.11) and (S.12), we can easily see that
n
Immy,(2) = O(ﬁ)
This completes our proof. O

REMARK S.6.1. 'We may observe from the proof of Lemma S.1.2 that in many cases we
can directly write m, (1) without considering its imaginary part. For example, when (2.3)
holds, for zg = 91 + in, using (S.3) and (6.5), we see that

&5 Imman (20)
1 i+ 5 25 prEmn o p)
hiiol Immi,(z0) =lim —

0 i N\ &
o n ’ZO_LZ]‘:I WP

Liz Zn f}‘ Immin(20)
n £«j=1 [1+&min (20)]?

2
nl0 n 4 _oiNn & 2
g |191 n ijl 1+§32'm1n(30)‘

o? —n (€8, +d2)%E]
iy ’

1 0 24j=1Te2 fd,—e27
_ (72 J |£(1)+ & | ) X limlmmln(ZO)‘
N [ Py MF e
J=1 83, +d>—¢7

Then by a discussion similar to (S.12), using the fact that o > 2, we find that for any 9 2, §

liinlmmln(zo) =o(1) x liinlmmln(zo),

which holds true if and only if lim, o Imm,(20) = 0. This shows that my, (1) is well-
defined for ¥4 2 f
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S.6.1.2. Proof of Lemma S.1.5

Proof. We first prove the results when conditionally. Let €2 be the event satisfying (c)
of Definition S.1.10. According to Lemma S.1.12, we find that P(©2) =1 — o(1). Now we
choose a realization {5?} € (2 so that the proofs of parts (a) and (b) are purely deterministic.

Proof of (a). We start with (S.13). According to (6.2), we have that

1< o;
mln(Z) - E Z g; n Z 512

i=1 —ZF n ZjZl 1+Eman(2)

To characterize the bulk of the spectrum, we take the imaginary part on the both sides of the
above equation and let n | 0 to obtain that
o2 (1 & Im(mi,)
i : (ﬁ 2 RISy, )Tet Imz(mln))
3 §J2 3 512 '
i=1 (B =Re(% X mgher))? + (2 X gl

The above equation can be further rewritten as

(S.14) 0=Immq,(2)(1 — g(mip, E)),

(S.13) Immy,(z

3\'—‘

where g(miy,, F) is denoted as

—_

2(1 &
- zp: i (H Zj Re*(14+&7man)+£7 Imz(mln)>
.g mln, : n E R i I 5 L .
i=1 e( Ej 1+§J2m1">) + ( E] TF€m, )

Similar to the arguments used in [52, 56], it is easy to see that for any fixed Remy, < —I
and E, g(mip, F) — 0 when |Immy,| — oo, and g(my,,E) — +o0o in order to satisfy
(S.14) when |Immy,| — 0.

Therefore, by monotonicity, there exists a unique Immy, > 0 such that (S.14) holds,
which corresponds to the bulk of the spectrum.

Furthermore, for any fixed Remy, > —1~! and fixed E so that Theorem 6.2 holds, we
have that g(my,, E') is monotone decreasing in terms of | Immy,,|.

Let £ be defined according to my,(Ey) = —{~!. In view of (S.3) and (S.2), we have
that

-1

p

,1_32 o;
n E+—O'[S\2.

=1

Let s3 be defined similarly as s3 in (S.10) by replacing EJr with F,. Based on the above
arguments and definitions, it is easy to see that
sup 9(min, B) = g(~1"", E4) = ¢8.
Remy,€(—1-1,00)
Assuming that ¢s3 < 1, we conclude that (S.14) holds only if Imm;,,(z) = 0 which corre-
sponds to the outside part of the spectrum. This shows that
my, = —1!is at the rlght edge of the spectrum and gives the expression of the end point

L+ as in (S.13). Therefore, L+ = E and s3 ='s3. This completes the proof.

Second, the proof of (S.14) follows from an argument similar to Lemma 8.4 of [56]
utilizing the estimate (2.5), we omit the details.

Third, we prove (S.15). The closeness of s; and s,k = 1,2, 3,4, follows from ar-
guments similar to the last equation of (S.27). Now we proceed to the proof of the sec-
ond equation. According to the proof of (S.13) and an analogous argument, we found that
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mln(f+) = —17!Yand my, (Ls) = —171. Together with the definitions of s3,S2, Mg, and
M2n,c, we find that
(S.15) So = —Manc(Ly)Ly, So = —man(L)Ly.

Next, by (S.13) and an analogous argument for L (see (3.6) and the proof of part II below),
we have that

n P (—L+ -+ 0'1‘52) n 4 I S

(S.16)
1 —lo; 1 lo; 1 los(Ly — L

S e h  Chtem T h Y e e

n<=(=Ly+ois2) n<=(-Ly+oiS) n (—Li+0%)(—L;+0%)

By first equation of (S.15), (S.15) and Assumption S.1.1, we can conclude our proof.
Fourth, we work with (S.16) and (S.17). Due to similarity, we only prove (S.16). Ac-
cording to (6.2), we have that

1 P ag;
mln(z> = 72 " £

n—_ i T R
i=1 =&+ 7 Zj:l T+ Emin(2)

~

Consequently, it is easy to see that for z = L, — Kk +in € Dy,

(S.17) man(Ls) — min(2) = Ri(Ly — 2) + Rao(min(Ls) — min(2)),
where we denote
1< o;
L (2
Rl T E Z _/L\ gi EJZ gi EJZ
im1 (L +Z ) mﬂ‘” T2 W)
o? &
Ry := l zp: n Zj (14Em1n(L1)) (14Em1n(2))
- T g; 5? gi 5? '
=1 (_L+ + n ZJ 1+£?m1n(i+))(_z + n Z] 1+€]2 1n(Z))

To study the terms R; and Ro, we will need the following control whose proof follows from
equations (4.24)-(4.28) of [56]

1 13 ~ ] O(logn), d=2
<S“>n§hlgzga+gmm@»‘{ow*+mm@W4m@ﬁ,1<d<2

For the denominator of R, since z € Dy, by a discussion similar to (S.16), we find they
are bounded from below so that Ry = O(1). Furthermore, since min(Ly) = —"%, by a
straightforward calculation, using the definition of 5y in (S.10) and the control (S.18), we
observe that

T f g?(mln(z)"rlil)
1 & 0ilz — L) + 5 3 e, m)

~

Rl =S4 — — — . 52
(S.19) sl (FLy + o) (=2 + T X )

min(2)

=31+ O(|z — Ly |) + O(|myn(2) + 1 mintd- L og ),

where in the second step we again used an argument similar to (S.16). Similarly, for Ry, we
find that

(S.20) Ry =¢85+ O(|z — Ly |) 4+ O(|mun(z) + 171 d= L og p).
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We next provide a useful deterministic control. Using a discussion similar to [52, Lemma

A.4], we find from (6.2) that

(S. 21)
21y &
1 Z Tin 2aj=1 T+&mi(2))° 1 1 Z on/Immy,(2)
i &-2 N n i 632 a
Va2 Sl mEen e " e S mEen e
Since Immy,(z) > 0, this implies that
0<1—l2 oin/Immi,(2) <1

A &
(=2 + % Zj 1+§§m1n(2))‘2
Together with Cauchy-Schwarz inequality, we see that
1/2

1 in/1
Rol < (g5)V/2 | 1— 23—/ Tmmn () <1,
"N+ S L )P
¢ n j 1+&mun(2)

[man(2) 2

Immy,(2)

where we used the fact Immy,(z) > 0 and > 0. Using (S.17), we find that mln(EJr) —

Mmin(z) < E+ — z. Then we can conclude our proof using (S.17), (S.19) and (S.20).

Finally, we prove the controls for the imaginary parts. For (S.18), the discussion is

similar to that of Lemma 4.5 of [52]. According to (S.2), we find see that

1 o1 1 u 0;

—min(z) = — = + — e

n

n,_oNwn S : _oaN"m oS
< n ijl 1+E2man(2) i=2 % n ijl 1+&may

(S.22)

1 1 p o
3
:0(7)4-%5 71 " & ’
i=2 2 = 5 2 TH e (5

where in the step we the fact that Im m,,(2) > 0 and the trivial bound that
(8.23)

2 -1 n Immi,(z) \-1
163 S rrgim) 1o 00 S g <o
1+§ min(2) “ |1+ &fman(2)]|
Taking the imaginary part on both sides of (S.22), we see that for some constant 0 < ¢ < 1,
& Immy, (2)

1 oiln+ 5 Z] 1 |1+§2m1n(z)|) 1
) = £ 30 PSR O o L
= =5 Zj:l 1+£3-m1n(z)| n

n § Immi,(z)

1 Zp: ain L1 zp: =1 [i7&m Gl
o n n 52 n 52
W2 e

i—2 |2 — %) 0 T+ &min(2) mln(z)\

=0(n)+ O(n—n) + cImmy,(2),

+0(—)

nn

where in the last step we used discussions similar to (S.25) and (S.28) below. This concludes
the proof. Then we prove (S.20) and (S.19) following [56, Lemma 5.2]. Due to similarity,
we focus our analysis on m1,(z) and discuss m,,(z) briefly in the end. In what follows, for
notational simplicity, without loss of generality, we assume that on €2, 5(22.) = §Z-2. In what
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follows, we identify 7 = 1) till the end of the proof of the lemma. According to (6.2), we find
that

{ Immin,(z)
i+ % Xjm1 e

; &
=1 2= S i meEane

of & Imma (2 o Elmmn )
_lzp: gin _|_lzp: WW _i_lzp: n Z] =2 |1+£2m1 BIE
SN DI e e R N G DY SR e w e | DY/ S e e 1
(S.24)
:L1+L2+L3.

For the denominator, by the results and arguments in Section S.2.2.1, we observe that when
zeDy

. 2 - 2 , 2
n = 1+ {?mln(z) n = 1+ g?mln(z) n 1+ &miy(2)
n 2
S #—FO((nn)_l+n_1/2_1/(d+1)).
n il Emin,c(2)

Together with Assumption S.1.1 and (S.27), we find that for some small constant ¢’ > 0,
when n is sufficiently large,

This implies that
(S.25) Ly <mn.

For Ly, on the one hand, when |z — zg| > Cn~ /23 by (S.17), we conclude that on €,
for some constant C' > 0

(S.26) ILo| < n Y273 Immy, (2).

On the other hand, when 2z = zq so that Rem,(2) = —£2, we can rewrite Ly as
1 <& I =

(S.27) L=-> nimmin(z)

i & ’
Vil - S mEane

Next, for Ls, by (S.45), (S.27) and the results and arguments in Section S.2.2.1, using the
trivial bound for Ly that |Lo| = O((nn)~!), we conclude that when z € D), for some constant
O<exl

(5.28) IL3| < cImmyp(2).

Consequently, we find that (S.20) follows from (S.24), (S.25), (S.26) and (S.28). More-
over, (S.19) follows from (S.24), (S.25), (S.27) and (S.28) by solving the associated quadratic
equation. Finally, we mention that the results for Im m,, (z) essentially follows from (6.2) that

» {;‘ Imma,(2)

1 n 1< 2 T P
e e i
=1 ”Z n 7 1+£]2m1n(z) | 1=1 J 1+£ mln )‘
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with the results for Imm,(2). This completes our proof.
O

Proof of Part (b). For (S.21), on the one hand, when when d > 1 and ¢! < S3, the result
has been proved in (S.4). On the other hand, when —1 < d < 1, we employ the proof idea as
in the proof of Lemma A.3 of [54] using a continuity argument. Recall (S.12). Denote

o? n &
OF, 1& W 2=l ey
g(x,y) (; gz -
= (—y+ 2 Z] 1 1+gg52)

From our assumption that —1 < d < 1 and (2.5), we find that there exist constants C, Cp > 0
such that dF(z) > C(I —x)? > Co(I — ) for z € (0,1). Let D be a sufficiently large constant
and choose a sufficiently small constant 0 < ¢ < D~!, we have that when n is sufficiently
large, there exists some constants C,Cs,C3 >0

(l+e) 3
*Za 1 (I+e=&3)2

ISR RN AEES

@
I
—

7 ; (I+e)&;
<L+ o izy 1iFe— £2>

l+€)2z? !
S CHZP:U? fl—(D—l) ((l+e):c) dF(z) S 1 P Cy fl—(D—l (l-(i-€ gZ)de
on i=1 (L+ - UiO(l))2 on i—1 (Ly — Uio(l))2
o1& G [P 1
— 2 e >Cs(logD —14—=)>1,
=02 (T, — 00 D

for sufficiently large D > 0. Similar arguments apply to g(—(l—e), EJr) Consequently, by
the continuity of g(z,%), we obtain that 9 F, (—1~* L+)/8$ > 0. Since F, (mun(Ly),Ly)/0x =
0, we can conclude that (S.4) still holds. That is, mln(L+) > —[~!. This finishes the proof
of (S.21).
For (S.22) and (S.23), using (S.21), by a discussion similar to (S.14), we see that

O F, (mln(i+)a E+)
Ox?
Armed with this input, the square root behavior of p at E+ can be obtained in the same way

as Lemma A.1 of [54]. Due to similarity, we omit the details. This completes our proof of
Part (b). ]

(S.29) =1.

Finally, it is easy to check that we can follow lines of the proofs of parts (a) and (b) to
prove the unconditional results by replacing the related quantities verbatim. We omit further
details. O

S.6.2. Control of some bad probability events: proof of Lemma S.1.12

In this subsection, we prove Lemma S.1.12 case by case. We first prove Case (a) in Definition
S.1.10.

Proof of Case (a). First, the last statement of (S.25) follows directly from strong law of
large number. In fact, the result holds almost surely.
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Then, we prove the second statement of (S.25). For the upper bound, since {¢?} are inde-
pendent, we readily see that when n is sufficiently large, for some constant C’ > 0,

L(Cn'/*logn) > "
(Cnl/>logn)™
> (1—C'n"tog™n)" < exp (—=1/(C"log¥n)) <1 —O(log™*n).

where in the second step we used the assumption (2.3) and in the third step we used the
assumption that L(-) is a slowly varying function. This proves the upper bound. Similarly,
for the lower bound, we can show that for some large constant C' > (

(S.30) P(&y <n'/*log™' n) = O(logn/n°).

P(ﬁ(?l) < ontle logn) = (1 —P(&% > Cnl/> logn))n > (1 —

This concludes the proof of the second statement.
Next, we prove the first statement using the second one. Note that

IP)(5(21) - 5(22) <n'/*log™'n) = P(f?l) <nt/*log ™ n+ 5(22)) = P(f%l) < Cn/*log™ n) = O(logn/n%),

where the second and third steps we used the results of the second statement.

Then we justify the fourth statement. In what follows, without loss of generality, we as-
sume that n® is an integer. For ¢ > 1 and b > 1/2, we notice that for some large constant
>0

P& — €2 < ¢ log ™ n) < P(E,) > (1 — ¢ H)nt/*log ')
(S.31)

B Zn <n> (logo‘n>k (1 B logan>n_k
N k n n
k=
"L cennk [(log®n\* log®n\" "
< — 1—

k=nb

ek k., ,—log®n(l—
< ~ « og®n(1 k/n): C
_kg b(k> log™* ne O(logn/n"),

where in the first step we used (S.30), in the third step we used (2.3) and in the fourth step
we used Stirling’s formula. This concludes the proof.

Finally, we proceed to the proof of the third statement. Define a sequence of intervals
I, == {Cn'/*log™t n + knt, Cn**log ' n+ (k 4+ 1)nc}, k = [1,n/*<]. It is easy to see
tl}iat if f(%.) — 5(2i+1) < n® when 5(2i),§(2i+1) € I, for some k. Setting py, := P(£? € I};), we see
that

P(ljeln]:& el =0)=(1—pp)", P(jeln]:& €Ll =1)=npp(l—pp)" "
We now provide an estimate for p; using (2.3). Note that
pr =P(CnY*log™ n+ kn < €2 < Cn'/*log™' n + (k + 1)n°)
1 1

<
~ (Cntelog tn4 kne)e  (Cnt/*log™'n + (k4 1)ne)e
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(14 (k+ n~Yetelogn)® — (1 + kn~'/*telogn)®
(14 kn—1/etelogn)e

(S.32) < Cn og®n~ Vot logn = Cn~ U+ @)+ o2 .

<Cn tlog®n

Armed with the above estimate, we see that when n is sufficiently large,
P(EG)» Gy € k) <P(lj € [1,n] €7 € I > 2) = 1= (1—px)" —npx(1—px)" "' < n’p}.

Consequently, together with (S.32), we have that for some constant C; > 0
(S.33)

nl/afe
P(El) —&Gany Sn) < Y nPpp < Cnl/ot2mepm B2/ 2e1000 y — = /0t l0g n — o(1),
k=1
as long as € < 1 /. This finishes the proof of the third statement. O

Then we prove Case (b) of Definition S.1.10.

Proof of Case (b). Due to similarity and for notational simplicity, we focus on the case
B = 1. The general setting can be proved analogously and we omit the details.

We start with the second statement of (S.26). For the upper bound, for any C' > 1, follow-
ing Markov inequality, we have that for some universal constant C’ > 0 when n is sufficiently
large, by (2.4),

2 2 n Ee's "
IED(5(1) <Clogn)=(1-P(">Clogn))" > | 1 - SiClogn

/ n
— (1 - %) =exp(—1/n'C"1) =1 - 0(n~ 1),
n

We can therefore conclude our proof using ¢ = 1. Similarly, we can prove the lower bound
that for some large constant C; > 1
]P’(E(QU < C7llogn) =0(n~).

This completes the proof of the first statement.

For the first statement, the discussion is similar to (S.32). The main difference is that the
sequence of intervals are defined as Iy, := {C~'logn+k x C~tlogn,C~tlogn+ (k+1) x
C~llogn},k €[1,(C — C~1)/C~1]. By Chernoff bound, we can control p;, :=P(£2 € I},)
as follows

pr =P(C togn +k x Clogn <2< C tlogn + (k+1) x Ctlogn)
=P(2>C tlogn+kx Ctlogn) —P(£?2 > C tlogn + (k+1) x Ctlogn)

S Cl(nft(k+1)c_1 — inf n—t’(k+2)C—1))
t'>0

<O

where C’ > 0 is some universal constant and in the third step we used (2.4). Now we choose
t so that tC~! > 2. Then by a discussion similar to (S.33), we have

This completes the proof of the first statement.
Finally, the last statement follows directly from the strong law of large number. In fact, the
result holds almost surely. O
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Finally we prove Case (c) of Definition S.1.10.

Proof of Case (c). Note that the fourth statement holds trivially and surely.
For the first statement, under the assumption of (2.5), we see that the lower bound follows
from that

]P)(l . §(21) -n 1/(d+1 ) <n 1/(d+1)—6d))’n

( — (On ¢ (d+1)— )
1 C —Ed(d-‘rl)

v

Similarly, for the upper bound, we find that when n is sufficiently large, for some constant
C'>0

P(l — 5(21) > p~1/(d+D) logn) <n ( — 2 <p M/ logn))
( — O ntogdtt ) !
—C~tlog?*ttn < n*C/.

n—1

| /\

IN

ne

This completes the proof of the first statement.

For the third statement, we prove by contradiction, i.e., there exists some sequence a,, =
o(1), I — &y < 2, holds with high probability. In fact, by a discussion similar to (S.31)
using (2.5), we have that as long as ¢ = ¢, > n/a,,

P(l - &y <an) =P(&,) =1 —an)

— zn: (Z)P(§2 > — an)kP(§2 <l-— an)n—k _ O(n_c)’

k=c+1

for some constant C' > 0 when n is sufficiently large. This completes our proof for the third
statement.

For the second statement, its discussion is similar to (S.32). In this case, we will define
the partition of the intervals as I, = [l — (k + 1)n~ Y/ (@) =€a | _ gp=1/(d+1)=<a] for k =
[1,n%logn]. Analogous to the arguments of (S.32), we have that

pr =P(£2 € I,) < On~Can=V/[@+D) (=1 (d+) 169 )4 = O~ =<4 Jog n.
Using the above control with (S.33), we readily obtain that
P(&y — &y <n~ D<) <p?p} < Cn =>4 log .

This completes the proof of the second statement.
Finally, we proceed to the proof of the last statement. Denote the random variable 7¢, as
follows

£2 / t
y = i _ dF(t).
T T @mine2) ) T tmi(2) "

By definition Eng = 0. On the one hand, according to the discussion around (S.45), we find
that

2 t?
1 % e eEdf ) <1
J 1+tmin,c(z) dF (@)
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Together with Assumption S.1.1 and the continuity of ma, ., we can therefore conclude that
for some constant Cjy > 0,

t
dF(t) < Cp.
/ T tm ) <o

As a consequence, by Cauchy-Schwarz inequality, we find that for some constants C'y, Cs > 0

2
Elre:2<C dF(t) < Ca < o0.
| 13 ’ = 1/’1+tm1n10(z)‘2 () 2
Since 7¢2,1 <4 < n, are independent, we can conclude our proof using Markov inequality.

O]

S.6.3. Fluctuation averaging arguments: Proof of Lemma S.3.5

In this section, we prove the fluctuation averaging results in Lemma S.3.5 following the
strategies of Section 6 of [56]. Fluctuation averaging is a common step in the proof of local
laws for random matrix models, especially when the LSD has a square root decay behavior
near the edge so that the entries of the resolvents can be controlled under some ansatz; see
the monograph [36] for a review. However, in our setting, due to the lack of square root
decay as in (S.14), many entries of the resovelents, even the off-diagonal ones can be large
when 7 ~ n~Y2. To address this issue, we will follow the strategies of [56] to focus on the
resolvent fractions instead of the entries themselves; see the discussion above Sections 6.1
of [52, 56]. In what follows, due to similarity, we focus on the parts which deviate from [56,
Section 6] the most.

Proof of Lemma S.3.5. In what follows, with loss of generality, we assume that £7 >
g >€
We start with part (1). Recall (S.9). Using Theorem S.1.9 and Remark S.2.9, we have that
&
2(1+&man + O<((nmo) 1))
O<((nmo) ")
2(1+&fmun + 0<((nmo) ™)) (1 + Eman + O<((nmo) 1))

1
my —mi| < | =

M@

1
n

=2

For the first term on the right-hand side of the equation, it can be trivially bounded by (nn9) ~*

by a discussion similar to (S.23) using (S.18). The second term can also be controlled by

(nmo)~" using a discussion similar to (S.25). The proves the first equation in (S.27). For the
second equation, due to similarity, we focus on |mq — mg) |. Using (S.19), we have that
; Gul 1 .
(S.34) |m2—m§)|§%+EZ|gjj—g§;>|.
J#i

For G;;, by Lemma S.1.13, Theorem S.1.9 and the assumption that z € Dg in (S.12), we
conclude that with high probability, for some constant C' > 0

1
|21+ mi! + 2,)]
For G;; — G\, by Lemma S.1.13, (S.28) and Lemma S.1.15,

i
GijGji
Gii

|21mm§Z 7 p2e

Gjj —gj(-?l =| | < |gn|| IQMHQ(Z 2,
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where in the last step we used (S.18) and Theorem S.1.9. Inserting all the above bounds back

to (S.34) and use the trivial bound that \gj(.;.) | < o, we can conclude the proof. This completes
the proof of part (1).

We now proceed to the proof of parts (2) and (3). Due to similarity, we focus on the details
of part (2) and briefly mention how to prove (3) in the end. For simplicity, following the
conventions in [52, 56], we denote the operator

Pi =1 _Ei7

where [E; is the conditional expectation with respect to y;. Using Lemma S.1.13, we see that
on {2

1 < 1 1 — . 2 —
: Lyt (D) N__Z% ‘
(S.36) n;:?Pz(gﬁ)—ng Pi(—z - 2zy; G\ (2)yi) = n;:QZZ.

=2

Consequently, it suffices to show that

By Chebyshev’s inequality, it suffices to prove the following lemma.

LEMMA S.6.2.  Under the assumptions of Lemma S.3.5, for any z € D} and fixed even
number M € N, we have

n M

1 1
;ZPA%(Z))

1
- 27 d+1 )+26d)
=2

EX <n"\ .

PROOF. The proof strategy and technique follows closely from Section 6 of [56]. In what
follows, we adopt the way how [52, Section 6.3] generalizes [56, Section 6.2] and only check
the core estimates that have been used in [56]. We first provide some notations following the
conventions of [56, Section 6.1]. For any subset 7,7’ C {1,...,n} withi,j ¢ T and j ¢ T',
we set

(T)
FTT) o)y . i )
gj 0 (2)
In case 7 =T’ =0, we simply write F;; = F, i(jT’T’). With Lemma S.1.13, according to [56,
Lemma 6.1], we have that for any subset 7,7’ C {1,...,p} withi,5 ¢ T and j ¢ 7', and
vETUT
(757" _ p(T%T7) (T5T") (T T7)
F, ij - Fz’j + 5 iy F vJ ’
and
(T,7") _ (TT") (TT' ) po(T5T7) o (T,77)
L e L I & A A
Moreover, we have that for v ¢ T
1 _ 1 (T.T) 2 (T.T)
7 =g (-FTEDT).
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In order to apply the techniques of [56, Section 6.2], we need to prove the following estimates

1 .
Ima(2) = min(2)| < (o)™, Tmma(2) < (nmo) ™, Pi(a) < (nmo) ™ty i #1,
(537 ma | Fyy ()| < (@D g,
(0,0)
F:77(z)
max | —2——| < (nno) Y, 0,5 #1,
NG (n10) j#

First, the first part of (S.37) follows from Theorem S.1.9, Lemma S.2.8 and Remark S.2.9
(recall (S.36)). Second, for the second part of (S.37), by a discussion similar to (S.35), for
1 # j and i, # 1, we have that for some constant C' > 0, with high probability

(S.38) G| < Cnt/ @+ D+ea,

Together with Lemma S.1.13, we see that for some constant C' > 0

<clg¥ (Imﬁj)

)"

13| = 1261 yi ¢ Dyl < |26 IG5 |

nmo

where in the second step we used (S.28) and in the third step we used (S.38) and the fact
z € D;). Finally, for the third part of (S.37), using Lemma S.1.13, Lemma S.1.15 and (S.28),
we see that

< pl/ld+)+e 1 — pl/(d+1)—1/242€4

(0,9) )
Fi. Gii i Imm;?’ (2
| = || = ia | < T
g“ g]j g’L’L nn

We can therefore conclude our proof using Lemma S.2.8, Remark S.2.9 and (S.29).

Using (S.37) and Assumption 2.1, we can follow the proof of Corollary 6.4 of [56] verba-
tim and conclude that for any 7,77, 7" € {2,...,n} with |T|,|T’|,|T"| < M, where M is
some large positive even integer, and for z € D}, we have that when i # j,,7 # 1,

’FZ-(]T’T,)(Z” ~ n—(l/Q—l/(d-{-l))/Q-ﬁ-ed’

S.39 (7,7
( ) ’sz (2)

<™ [P () [ < o)™

(22

G(T)(Z)

ii
Once the key ingredients (S.37) and (S.39) have been proved, we can follow lines of [56,

Lemma 6.6] or [52, Lemma 6.11] to conclude the proof. Due to similarity, we omit the
details. ]

This completes the proof of part (2). The proof of part (3) is similar except we need to
following the proof of Lemma S.6.2 and [56, Lemma 6.12] to show

n

x|l 1 1
- ‘nz(l Y @7 G

=2

We omit the proof and refer the readers to the proof of [56, Lemma 6.12] for more details.
This completes the proof of Lemma S.3.5. O
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